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Steady Laminar Flow Between Two Parallel Plates (Plane Couette Flow)

Let us consider the steady laminar flow of

viscous incompressible fluid between two in- 7
finite parallel plates separated by a dis-
tance h. Let x be the direction of flow, y
the direction perpendicular to the flow, and
the width of the plates parallel to the z-
direction. Here the word ‘infinite’ implies
that the width of the plates is large com-
pared with h and hence the flow may be
treated as two-dimensional (i.e. 9/9z = 0).
Let the plates be long enough in the z—direction for the flow to be parallel. Since the
plates are long in the x-direction, the flow becomes parallel to the plates. Therefore,
no velocity across the plates and no velocity in the width direction i.e. the velocity
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components v and w to be zero everywhere. Moreover, the flow being steady, the
flow variables are independent of time

0
— =0.
ot
Furthermore, the equation of continuity
ou, ov dw_
or Oy 0z
Substituting v =0, w =0
0
8—u = 0 = u does not depend on =
%

so that

u=u(y).
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Thus for the present problem we have

9, o
0z ot
For a Newtonian incompressible fluid without body forces, the Navier—Stokes equa-
tions are given by:

r—direction

<8u ou ou 8u> Op <82u 0%u 82u>
p = + T g

0. 1)

y—direction
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For the present two—dimensional flow in absence of body forces, the Navier—Stokes
equations for x and y directions are

_Op d’*u
0= +#(53) @
_ 9

Equation (3) shows that the pressure does not depend on y. Hence p is a function
of x alone and therefore equation (2) reduces to

d®u 1 (dp

(). (4)
dy w\dz

Differentiating both sides of equation (4) with respect to z,
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_1d%
i dax?
or
d (dp
s (w) =0
so that p
P _ const. = P (say). (5)
dx
Then, equation (4) reduces to
d*v P
.z (©
dy>
Integrating (6),
d P
w_TY g (7)
dy
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-
Integrating (7),

P
= Ay + B + —2. 8
u=Ay+ +2uy (8)

where A and B are arbitrary constants to be determined by the boundary conditions
of the problem under consideration.

For the plane Couette flow there is no pressure gradient, P = 0. Again, the plate
y = 0 is kept at rest and the plate y = h is allowed to move with velocity U. Then
the no—slip condition gives rise to the boundary conditions

u=0 at y=0, u=U at y=h. 9)

Using (9) in (8) yields
0=B and U=Ah+ B

so that

B=0 and A:%.
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Using (10) in (8), we obtain
U=y

which is the velocity profile of Coutte flow.
The velocity distribution is linear which
means velocity increases uniformly from
bottom plate to top plate as shown in the
adjoining figure. Now the skin friction (or
drag per unit area, i.e., the shearing stress
at the plates) oy, is given by

du pnU
Oyx = M @ :T

_SSRRRRPRBRRNEY
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Plane Poiseuille Flow

Let us consider the steady laminar flow of a
viscous incompressible fluid between two in-

4
finite parallel plates separated by a distance
h.
Let the coordinate system be chosen as fol- u=0
LILLLIN IV IL LI 7777
lows: T
o The z-axis is taken X

along the direction of the flow and
lies midway between the two plates.

o The
y-axis is perpendicular to the plates.

e reess

u=20

o The z-axis is along the width of the
plates.
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The term infinite plates means that the width of the plates in the z-direction is
very large compared to the separation h. Therefore, the flow can be treated as
two—dimensional and

8 —
5 =
The plates are assumed to be sufficiently long in the z-direction so that the flow
becomes fully developed and parallel.
For this flow, the velocity components in the y and z directions are zero everywhere.
Hence,

0.

v =0, w = 0.
Since the flow is steady, all flow variables are independent of time, therefore

0
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The continuity equation for an incompressible fluid is

Ou Ov  Ow

Using v = 0 and w = 0, the above equation reduces to
ou

e

Thus the velocity component u depends only on the transverse coordinate y, i.e.,

0.

w=u(y).

Hence, for the present problem,
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For an incompressible fluid, the Navier—Stokes equations in Cartesian coordinates
are given as follows.

r—direction:

y—direction:

ov n ov n ov n ov Oop n n n LR
— dtu—Fr—Ftw— | =——= — L
P\at "%z T oy T Va2 ay  H\ozz T a2 T 9.2) TP
For the present two—dimensional flow in the absence of body forces, the Navier—
Stokes equations in the z and y directions reduce to

Op d’u

0= ——-£ el
Ox +Mdy2

(2)

Mathematical Explorations Fluid Dynamics II March 17, 2026 11 /34



dp
~ay (3)

Equation (3) shows that the pressure does not depend on y. Therefore the pressure
p is a function of x only. Hence equation (2) becomes

0=

du _ 1ldp
dy?  pdx

Differentiating equation (4) with respect to x, we obtain

(4)

1 d’p
 pda?

d (dp\
m(m)—o
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which implies that

d,
P _ constant = P (5)
dx

Substituting this result into equation (4), we get
d’>uv P
= (6
dy*  p
Integrating equation (6) with respect to y, we obtain
du P
—=—y+A (7)
dy
where A is a constant of integration.
Integrating once again with respect to y, we obtain
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P
= Ay + B+ —y?
u Y+ +2uy (8)

where B is another constant of integration.
Let the plates be located at

y=—5 y=

)

e 2
2 2

so that the x—axis lies along the centreline between the plates.
Using the no-slip condition at the walls, the velocity must vanish at both plates.
Therefore, the boundary conditions are

h
u=0 at y=-29

h
u=0 at y=35 (9)
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From the general velocity solution obtained earlier (Eq. (8)),

P
u=Ay+ B+ v,
21

applying the boundary conditions gives

0— Ah i Ph?
2 8u
oo Al g, PR
2 Su
Solving these two equations yields
A=0,
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e P [14(2)2] (10)

This expression shows that the velocity distribution across the channel is parabolic,
with the maximum velocity occurring at the centreline y = 0.
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Flow Through a Circular Pipe: The Hagen—Poiseuille Flow

Let us consider the laminar steady flow of
an incompressible fluid through an infinitely
long circular pipe of radius a. The flow is
assumed to occur without body forces and

possesses axial symmetry as shown in the oz - / | rd
v !\_’\ »
K T

figure. = X
For the present problem we employ cylindri- j j
cal coordinates (7,0, z). Let z be the direc- ¥

tion of flow along the axis of the pipe.

Because of axial symmetry of the flow,

qr =0, g =0

that is, the radial and tangential velocity components vanish.
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Further, the axial velocity component is independent of the angular coordinate 6,
so that

4z = 4z (T)

The continuity equation for steady incompressible flow in cylindrical coordinates is

10 10 0
;g(rpqr) + ;%(PQG) + @(qu) =0

Since
qr =0, q9 = 0,

the above equation reduces to

0q.
0z

=0
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This shows that the axial velocity ¢, is also independent of z. Hence the velocity is
a function of the radial coordinate alone,

¢z = qz(7)
Thus, for the present problem,

qr = 07 q9 = 07 qz = QZ(T) (1)

The momentum equations in cylindrical coordinates are given by
Radial component

p<8Q’r ¢ | w04 G 8‘]7“) _Op

+ar

8r+r60 r+qz(‘32

ot
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Tangential component

dqg dq9 | 99099  4rqe dge\ _ 10p 2 q9 , 2 0qy
p(at+q”ar+rae+ r %9, ) = TV

Axial component

0q. 0q. g0 0q- 0q. op
<at te e T8 T4,

where

2 —
Vi = r or " or r2 002 022

For steady axisymmetric flow of an incompressible fluid with velocity components
given by Eq. (1), the Navier—Stokes equations in cylindrical coordinates reduce to

18( 0qz> 1 9%, ¢

Op
57 (2)
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~ 10p

rog (3)
__ap 10 0q.
0= aﬁ“[m(rar)]- )

Equations (2) and (3) show that the pressure p is independent of r and 6. Hence
the pressure is a function of z alone, i.e.,

p=p(2).

Further, from Eq. (1), the axial velocity component is a function of r alone,

q: = q:(r).
Therefore Eq. (4) may be rewritten as
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[ (5] = 2 ®

Differentiating both sides of Eq. (5) with respect to z, we obtain

_dp
 d2?
or
d (dp
— = =00 6
dz <dz> (6)
Hence,
dp
— = constant = —P (say). (7)
dz
We may take
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pP— P2 —Pp1 7
l
where p1 and po denote the values of pressure at the ends of a length [ of the circular
pipe.
Let us now write
q: = u.
Substituting Eq. (7) into Eq. (5), we obtain
d du Pr
(2 = 8
dr (T dr) I (8)
Integrating Eq. (8) with respect to r, we obtain
du  Pr?
2 1A 9
e T (9)
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where A is a constant of integration.
Dividing by r,

U
dr 2u 1’
Integrating again,
P 2
u:—r—l—Alogr—i—B, (10)
4p

where A and B are constants of integration.
The velocity must remain finite on the axis of the pipe (r = 0). Since logr — —oo
as 7 — 0, the term Alogr would make the velocity infinite unless

A=0.

Thus Eq. (10) reduces to
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Pr?
4p
Since the circular boundary of the pipe is at rest, the no-slip condition gives

u =

+B. (11)

u=0 at r=a. (12)
Substituting Eq. (12) into Eq. (11), we obtain

Mathematical Explorations Fluid Dynamics II March 17, 2026 25 /34



This expression represents a parabolic velocity distribution across the pipe sec-
tion, which is characteristic of Hagen—Poiseuille flow.
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Laminar Steady Flow Between Two Coaxial Circular Cylinders

For the present problem, we consider the

governing equations in cylindrical coordi- XA

nates (r,0, z). Let z be the direction of flow

along the axis of the pipe. f

Clearly, the radial and tangential velocity E \ b

components are zero, that is, o ! 5 > 7
qr =0, qo = 0. %

Due to axial symmetry of the flow, the axial velocity component ¢, is independent
of the angular coordinate 6.

The equation of continuity for steady incompressible flow in cylindrical coordinates
is

10 10 0
;g(m“qr) = ;@(pqe) < g(pqz) =0.
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Since

qr =0, g0 = 0,

the continuity equation reduces to

9q: _ 0

0z
showing that ¢, is independent of z also. Hence the axial velocity depends only on
the radial coordinate, i.e.,

4z = qx(r). (1)

Thus for the present problem,

g =0, q0 =0, T = G )
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For an incompressible Newtonian fluid, the Navier—Stokes equations are:

Radial component

O . Oqr a9 0q  qj dq-\ _ Op s @ 2 0q
p<at+q’“8r+rae r T, )= e TR\ Ve

Angular component

0 0 0 b 0 10 2 0q,
p<(10 a5 9000  aro qa>: pHL(ng_qa q)

at "o T e T "%,

Axial (z) component

dq. 9q. | q9 0q. dg:\ _ Op
p(@t T T a8 %, ) T
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For steady axisymmetric flow of an incompressible fluid with velocity components
given by Eq. (1), the Navier-Stokes equations in cylindrical coordinates reduce to

__9p

~ 10p

e’ (3)
o, 10 (0
0__8z+u[r8r(r8r>]' (4)

These equations govern the laminar steady flow of an incompressible fluid between
two coaxial circular cylinders.
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(2) and (3) show that p is independent of r and 6. Thus p is a function of z alone.

Further ¢, is a function of r alone by (1). Hence (4) may be re-written as

1d ( de.\] _dp
H rdr rdr - dz

Differentiating both sides of (5) w.r.t. z, we find
0= @ or 4 (dpy _ 0
 d2? dz \dz)

d
£ = const. = P (say).

so that

We may take

:p2—p1

P
I )
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where p1, p2 denote the values of p, at the ends of a length [ of the circular pipe. In
what follows, we now write ¢, = u. Then, using (6), (5) reduces to

d du Pr
i 5= )

Integrating (8),

du  Pr? du Pr A
—=—+A — =4 — 9
rdr 21 + o dr  2u * r 9)
Integrating (9),
Pt + Alogr + B, (10)
u= I ogr

where the constants A and B are to be found by using the boundary conditions.
Now u must be finite on the axis of the tube (where » = 0). So we must take A =0
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in (10) because otherwise u would become infinite when » = 0. Thus (10) reduces

to
Pr?

4p
Since the circular boundary of the tube is at rest, the no-slip condition at the wall
gives rise to the following boundary condition

+ B. (11)

u =

u=0 at r=a. (12)

Using (12), (11) gives B = —Z—f. Hence (11) becomes

u:—i‘j{1—(2)2}, (13)

which has the form of a paraboloid of revolution.
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THANK YOU

Vist the website for notes
https://mathematicalexplorations.co.in
Subscribe to my YouTube Channel
Mathematical Explorations
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