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Surface:
A surface is said to be the locus of a point whose cartesian coordinates (z,y, z) are
functions of two independent parameters, say (u,v), i.e.,

JJZf(U,’U), y:g(uﬂ})a ZZh(“?”)' (1)

Above equations are called parametric or freedom equations of a surface, where the
parameters u, v assume real values and vary in some region, say D.

We may define a surface vectorially as the locus of a point whose position vector 7
is expressed in terms of parameters, i.e.,

—,

7= 7(u,v)

represents a surface.
The above representation of the surface is due to Gauss and is termed as the Gaus-
sitan form of the surface. The parameters v and v are called curvilinear coordinates
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or surface co-ordinates of the current point on the surface. The pair of parameters
u and v represents the point (u,v).

Remark.

e The representation of surface given by equation (1) is called an explicit repre-
sentation of a surface.

Class of a Surface:
If the equation of the surface be

ZL‘:f(U,’U), y:g(u7v)v Z:h(uvv)a

then the surface is said to be of class r if the functions f, g, h are single valued as
well continuous and possess partial derivatives of ™" order.

Remark.
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We represent the partial differentiations with respect to the parameters v and v by
the suffixes 1 and 2 respectively, i.e.,

Or or 0%r 0%r 9%r

ry=—, rpo=—, Ii1=_-5, lo=—_-—F, TIn=_->5.
ou’ ov’ ou?’ Oudv’ Ov?

Regular (or Ordinary) Point and Singularities on a Surface:
Let us consider a point P on the surface whose position vector is r. Then

r=(z,y,2) = (z(u,v), y(u,v), 2(u,v)).

b (0n Oy 02\ (0 0y 0
Y owowou) 2T \ovw v ow )
Now the point P is called a regular point or ordinary point if

I‘1XI‘2750,
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i.e., if the rank of the matrix
dr Oy 9z
ou gu ou
dxz Oy 0z
ov

is 2 (i.e., at least one of the second order minor does not vanish).

In case r1 xrs = 0 at a point P on the surface, then the point P is called a singularity
of the surface. We have the following two types of singularities.

1. Essential Singularities. These singularities are due to the nature (geomet-
rical features) of the surface and are independent of the choice of parametric
representation of the surface, e.g., the vertex of the cone is an essential singu-
larity.
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2. Artificial Singularities. These singularities are due to a particular choice of
parametric representation. For example, the pole in the plane referred to polar
coordinates is an artificial singularity. Let r be the position vector of any point
in the plane. When referred to polar coordinates (r,#), we have

r = (rcosf,rsind,0).

If ry and ro represent the partial derivatives with respect to r and 6 respectively,
then

r; = (cos6,sinf,0), ro= (—rsinf,rcosh,0).

i j k
ri Xro =, cosf sinf 0| =rk.
—rsinf rcosf 0

Mathematical Explorations Unit 2 March 18, 2026 5/23




Thus,
ri xro =0 when r =0, i.e., at the pole.

Now consider the Cartesian system, where r = (x,y,0). Then
r; =(1,0,0), re=(0,1,0)

=r; Xxro =k =#0 at the pole.

Thus there is an artificial singularity at r = 0.
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Tangent Plane and Normal:
To find the equation of the tangent plane to a surface at a given point P(r).

ar_ordu Ofdy o i dv
ds Ouds Ovds ' Tld TZdS

Now for the curve u = ¢; (constant), 7 = 0, so that the unit vector along the
tangent is parallel to 75. Similarly, the unit vector along the tangent to the curve
v = co (constant) is parallel to 7.
The tangent plane at P contains 71 and 75 at P. Then the equation of the tangent
plane is

R =74 a1y + oy,

where R is the position vector of a current point on the plane.
The equation of the tangent plane can be expressed as

(R—7)- (7 x %) =0.
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Since 7, X 75 gives the direction of the normal to the tangent plane, it is perpendicular
to any line R — 7 in the plane.

Normal Line. The normal to the tangent at P is the line passing through P(7)
and parallel to the vector 7 x 75. Hence, the equation of the normal line at P to
the surface is given by

R=7+ A7 x 7).

The normal to the surface at P is the same as the normal to the tangent plane at
P, and therefore the unit surface normal N is given by

where H = |7 x 72| # 0.

The direction of N is fixed by convention such that 73 x 75 and N form a right-
handed system.
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To Find the Cartesian Equation of the Tangent Plane to the Surface
F(z,y,z) = 0:
We know that . o .

VF=—"—i+—j+—k

oz " oy’ t oz

is normal to the tangent plane at P(x,y, z). Thus, it is perpendicular to any line in
the plane. X
Let R= Xi+Yj+ Zk be any point on the plane, then

(R—7)-VF =0.

(X —2)i+ (Y —9)]+ (Z - 2)k] - (giﬂgﬂgk):o.
(X =05+ —9), + (@25 =0 (1)
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which is the equation of the tangent plane at P.

Again x,y, z are functions of u and v, thus

aF _O0F0: 0Py OF0: |
du  OxOu Oydu 9z0u
and
dF _OF0r  OFdy  OF 0z _
dv Oz Ov Oyodv 0z0v
On solving (2) and (3), we get
oF  OF  oF
ox _ dy _ 0z —k
dy 0z 0z Oz or Oy ’
BNy
Oov  0Ov ov  Ov ov 0Ov
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Therefore, the equation of the tangent plane can be put in the form

X—z Y-y Z-—=z

ox oy 0z

hiid ZJ Z1_0

.

ov ov ov
To Find the Cartesian Equation of the Normal to the Surface F(x,y,2) =0
at P(x,y,z2):
Let R be the position vector of any point Q(X,Y, Z) on the normal and 7 be the
position vector of P(x,y, z).

~

R-—7F=X—-zp+ (Y -9+ (Z-2)k

is a vector along the normal.
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Again,
oF., OF. OF.
F=—i+—54+—k
v 8xl+6y‘7+8z

is normal to the tangent plane at P, so it is parallel to the normal vector ]@

Therefore,
R—7=M\VF,

where A is a scalar parameter.

+—k

A A & aFA aFA 8F'\
(X—:c)z—l—(Y—y)]—l—(Z—z)k—)\(83614-ay] P >

Hence,
X—:n_Y—y_Z—z_)\
OF ~ OF ~ OF -
ox oy 0z
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Ex.1. Find the equation of the tangent plane and normal to the surface
2=+

at the point (1, —1,2).
Solution. Equation of the surface is

F(z,y,2) =2z—2%—y? = 0.

% = 22 =-—-2 at (17 *172)’
OF
— =-2y=2 at (1,-1,2
8y Yy a (7 ) )7
oF
— =1.
0z
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L
Therefore, the equation of the tangent plane at the point (1,—1,2) is
(z-1(=2)+ @+ 1)+ (z—-2)(1) =0.
—2r+2+2y+2+z—2=0,

—2x+2y+2+2=0,

or
Dap = Yy = 7 = Do

Equation of the Normal is

X-1 Y+1 Z-2

=2 2 1
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Ex.2. Find the equation of the tangent plane and normal to the surface
ryz =4

at the point (1,2,2).
Solution. Equation of the surface is
F(z,y,z) =2yz—4=0.

oF oF oF
ax yZ ) 8y xz ) az ‘ry a ( = )

Therefore, the equation of the tangent plane at (1,2,2) is

(z—-1)4)+(y—2)2) + (2 -2)(2) =0,

de — 4+ 2y —44+22—-4=0,
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I
dr + 2y + 2z = 12,

or
2r +y+2z=6.

Equation of the normal at (1,2,2) is
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Ex.3. Prove that at points common to the surface
a(yz + zx + xy) = Yz

and a sphere whose centre is the origin, the tangent plane to the surface makes
intercepts on the axes whose sum is constant.
Solution. Equation of the given surface is

F(z,y,z) = a(yz + zx + zy) — zyz = 0.

OF oF
aza(y+z)—yz, a—y:a(:l:—i—z)—:r:z,
oF
&:a(az—}—y)—:vy.

Equation of the sphere with centre at origin and radius r is

w2+ 422 =12 (2)
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At a common point P(z,y, z), the equation of the tangent plane is
(X —2)[aly+2) —yz] + (Y —y)la(z + 2) —z2z] + (Z — 2)[a(z +y) —zy] = 0.
or
Xa(y + 2) —yz] + Ya(z + 2) — z2] + Z[a(z + y) — zy] = 2a(yz + zz + zy) — 3zyz=.
Using a(yz + zz + zy) = xyz, we get
Xla(y + z) —yz] + Ya(z + 2) — zz] + Z[a(z + y) — zy] = 2zyz — 3zyz = —zyz2.

Dividing throughout appropriately, we obtain intercept form

X Y A
— + — 4+ — = constant.
T Y z

Hence, the sum of intercepts is constant.
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First Fundamental Form (Metric of the Surface)
Let a surface be represented parametrically by

7= 7(u,v)

where u and v are parameters. Let,
. or L, or

’]"‘1 = — =
ou’

These vectors are tangent to the surface.

Let,
F=7- T

E= ’Fl . _'17
Then the quadratic differential form
ds? = E du® + 2F dudv + G dv?
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is called the first fundamental form or the metric of the surface, where du, dv
are differential elements.

The quantities F, F', and G are called the first fundamental coefficients or first order
fundamental magnitudes.
The first fundamental form is used to determine:

o Length of curves on the surface

o Angle between curves

o Area of surfaces
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Unit Normal to the Surface
The unit normal vector to the surface is

~ 771XF2
N

’771 X 772‘

Let,

1
3
X
St

then

=
Il
3
| X
3l
[\]

Second Fundamental Form
Let us consider the second derivatives of

o2, O %7

—

T2 = 27—~ = 721 T2 = 7
ou?’ Oudv ’ Ov?
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N
Let,
L=71-N M=75-N N =75 - N
Then the quadratic differential form

Ldu® + 2M dudv + N dv?

is called the second fundamental form of the surface. The quantities L, M,
and N are called the second fundamental coefficients or second order fundamental
magnitudes.

It should be noted that L, M, and N represent the components of 71, 712 and 75
respectively in the direction of the unit normal N to the surface.

Remark:

o The first fundamental form describes the intrinsic geometry of the surface.

@ The second fundamental form describes the curvature properties of the
surface.
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