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Ex.1. Find the curvature and torsion for the curve
xr =acost, y=asint, 2z = atcota.
Solution. Position vector 7 in terms of parameter ¢ is given by
7= (acost, asint, atcota).

7= (—asint, acost, acota),

P = (—acost, —asint, 0),

7 = (asint, —acost, 0).

~ ~ A~

) J k
= S g o 2 . 2 2
rX7r=|—asint acost acota|= (a sintcot o, —a” costcota, a )
—acost —asint 0
Lo 9
T X | = a”csca.
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Also,
. ' 1/2
7] = (a®sin®t + a® cos® t + a® cot® o) ? = acsca.
Again,
—asint acost acota
[F,7, ] = |—acost —asint 0 |=a’cota.
asint —acost 0
FXT acsca 1
K="——=—F——=—sina.
|73 a’csc’ o a
and e
[7,r, 7] alcota 1
= 5 = 5 = —sinacosa.
atcsc’a a
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Ex.2. For the curve
z = 4a cos® t, y=4a sin® t, 2z = 3ccos?2t,

prove that
a

- 6(a? + c%)sin 2t

Solution. We have
7= (4acos’t, 4asin®t, 3ccos2t).

P = (—12acos® tsint, 12asin®tcost, —6csin 2t)
= (—6acostsin2t, 6asintsin2t, —6¢sin 2t).

Hence _
7= 6sin2t (—acost, asint, —c).
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Also,
. dr  drds
r=—=——=7"8.
dt  dsdt
=
>r=7"s = 7 =-.
5

Therefore
$ = 6sin 2t/ a2 + c2.
Now :
., T (—acost, asint, —c)
T = - =]
5 Va2 + c?

(asint, acost, 0)

,F»l/ _
Va2 + c2
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Hence :
» (asint, acost, 0)

G =7 =
Va2 + c2
1 1/2

o 2 o2 2 .2
k|| = Gem 2t T ) (a®sin*t +a’cos”t+0) /"

a

= K

~ 6sin 2t(a? + c2)’
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Ex.3. Find the osculating plane, curvature and torsion at any point of the curve

r=acos2u, Yy =asin2u, z= 2asinu.

Solution. The position vector at any point on the curve is given by

7 = a(cos2u, sin2u, 2sinu).

7 = 2a(— sin 2u, cos2u, cosu),

P = —2a(2 cos 2u, 2sin2u, sinu),
7 = —2a(—4sin2u, 4cos2u, cosu).

X 7 = 4a? [(sin u + sin 2u cos u), —(cosu + cosu cos 2u), 2].[Fx 7] - 7

4 sin 2u(sin u + sin 2u cos u) + 4 cos 2u(cos u + cos u cos 2u) — 2 cos u | .

=

:8a3[
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= 8a® [4 cos 2u cos u + sin 2u sin u + 4 cos u(cos® 2u + sin? 2u) — 2 cos u} .

= 8a’[4cosu + 4 cosu — 2 cosu] = 48a° cosu

Again,

}1/2

|7 x 7] = 4a’ [(sinu + sin 2ucosu)? + (cosu 4 cos u cos 2u)? + 4

]1/2

= 4a?| sin® u+cos? ut-cos? u(cos? 2u-+sin? 2u)+2 cos u(cos 2u cos u+sin 2u sin u)+4

= 4a? [5 + 3cos? u]1/2

The equation of the osculating plane is given by
[R—7, 7 =0, ie, (R—7)-(Fx7F) =0
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Hence,
(x —a cos 2u)(sin u+sin 2u cos u) — (y — a sin 2u) cos u(1 4+ cos 2u) +2(z — 2asinu) = 0

or
(sinu + sin 2u cos u)x — 2 cos>uy + 2z = 3asinu

o 7 7 7] o 48a3 cos u o 3
= |F>< 7':3]2 ~ 16a4(5+ 3cos?u)  a(5secu + 3cosu)
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Ex.4. Show that the Serret—Frenet formulae can be written in the form

dt . di _ o db -

— = \ — =d X n, — =

ds ds ds
and determine .

Solution. Let {f, n, l;} denote the orthonormal Serret—Frenet triad of unit vectors,

dt
— = KN (Serret—Frenet formula)
ds
:m(bxf) sincebeZﬁ
= T(f X f) -+ /{(B X f) inserting zero term
:(Tf—l-/d;) x t since £ x £ =0 (1)
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dn - -
75 = —kt+7b (Serret—Frenet formula)
= 7’(7? X ’fl) + K(i) X ﬁ) using vector identities
= (1t + /d;) X T (2)
db A
=—Tn (Serret—Frenet formula)
ds
= 7(f x b) 4 li( ) since — A =1xb
= (ri+kb) xb  sincebxb=0 (3)
db )
=—TNn (Serret—Frenet formula)
ds
— (txb)—{—,‘{( ) since —N=£xb
= (1t + fib) X b since b X b =0 (3)
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From (1), (2), and (3), we obtain

.
dt

. dn e db
— =W — =wWXn =
ds ’ ds ’

— =T xb
ds '
where the angular velocity vector of the moving triad is

G=7i+kb
Ex.5. Show that

v = k'h — K2+ kTh
and hence show that

i "
" = (k" — k3 — k7

O — 3kt + (26T + KT')b.

Solution. Let 7(s) be a space curve parameterised by arc length s. Let {,7, lA)}
denote the Serret—Frenet orthonormal triad.

Mathematical Explorations

Space Curves

March 9, 2026



d
F = %Oﬁﬁ) (product rule)
= Kk'f+ KA (since kK = K(s))
— k'n + I{(TI; — Kf) (Serret—Frenet: I —— + Tl;)
= k' — K2t + k7. (2)
1111 d ! 27 7 g ]
= s <I€ n— KT+ Iin) (differentiate term by term)
S
= k" + &' — 26Kkt — K2 + K'Th + k7'b + kb’ (product rule applied). (3)
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Using

we obtain

Mathematical Explorations

t' = kn, A = —kt + 70, b = —1n,

~

1~ n

= k"7 + K (b — Kb) — 26K"E — K3 + K'Tb + K7D — KT21

_ (,46/' — k3 — kT2 h— 3Kt + (2/47’ IF m”) b
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THANK YOU

Vist the website for notes
https://mathematicalexplorations.co.in
Subscribe to my YouTube Channel
Mathematical Explorations
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