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Normal Lines:
The normal line at point P to the given curve is a line perpendicular to the tangent
at point P to the curve. Obviously for a three-dimensional space curve there will
be an infinite number of such normal lines.
Let a space curve be given by

7= (1),

and let P be the point on the curve corresponding to the parameter value t = ¢y.

The tangent vector to the curve at the point P is

a7
m(t) = G

t=to

This vector determines the direction of the tangent line at P.
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A normal line at the point P is defined as a line passing through P whose direction
is perpendicular to the tangent at P. If @ is the direction vector of such a line, then

a-7'(tg) = 0.

In two dimensions, there is only one direction perpendicular to a given tangent, so
the normal line is unique.

In three-dimensional space, all vectors perpendicular to the tangent vector 7' (tg)
lie in a plane perpendicular to the tangent at P. Since this plane contains infinitely
many directions, there exist infinitely many vectors @ satisfying the condition

a-7'(ty) = 0.
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Tangent Direction and Normal Plane with Three Normals

—— Sspace curve

® PointP

= Tangent direction
—= Normal 1

== Normal 2

—= Normal 3

Hence, for a three-dimensional space curve, there are infinitely many normal lines
at a given point P.
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Normal plane:

The normal plane at point P to the given curve is the plane passing through the
point P and perpendicular to the tangent at P.

Thus we can say that the normal plane at point P on the space curve and let R be
the position vector of any current point on the normal plane at P, then the vector
(E — 7) lies in the plane. Since the vector 7 is perpendicular to this plane, we have

(R=7)-7=0 1

which is the equation of the normal plane at point P.
Again the equation (1) can be put in the form

(R—7)-f=0 (2)
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Cartesian Equivalent
Let A X
R=Xi+Yj+ Zk, r=2xi+yj+ zk

P =i+ yj + 2k
Putting these in (1), we get

(X —x)i+ (Y —9)j+ (Z — 2)k] - [&1+ 9] + 2k] =0

’ (X =) (Y i (= 2)2 =

Or, all the normals, two normals are of special significance. These are known as
Principal normal and Binormal, which are defined below.
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Tangent, Normal Plane, Three Normals, Principal Normal and Binormal

—— Space curve
® PointP
—— TangentT
= Principal normal N
= Binormal B
—= Normal 1
—= Normal 2
Normal 3
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Principal Normal

The normal lying in the osculating plane at a point P on the space curve is called
the principal normal at point P.

Thus we can say that the principal normal at any point P to a given curve is the
line of intersection of the normal plane at P and the osculating plane at P. We shall
denote the unit vector along the principal normal by 7.

Binormal

The normal perpendicular to the principal normal at point P is called binormal at
point P.

Thus we can say that the binormal at any point P is the line perpendicular to the
osculating plane at P. The unit vector along the binormal is denoted by b and we
choose the sense of b in such a manner that the triad t ﬁ,l; form a right—handed
system, i.e.,

b=1xn.
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Directions of Principal Normal and Binormal

Since the binormal is perpendicular to the osculating plane, therefore it must be
parallel to the vector P X T

In case the general parameter t¢ is replaced by the arc parameter s, then F o=
7, 7= 7", thus the binormal is parallel to the vector ¥ x 7.

Again the principal normal is perpendicular to both the tangent and binormal and

therefore it must be parallel to the vector

3

(?xﬁ)x

i.e., parallel to the vector

x
b
S—
=
|
—
=
3
!l

In case the parameter is s, then
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thus on differentiating,
r-r=7".7"=0.

Consequently the principal normal is parallel to 7.

Rectifying Plane

The plane containing the tangent and binor-
mal at P is called the rectifying plane at P,
i.e., it is the plane passing through P and
perpendicular to the principal normal at P.
Evidently the equation of this plane is

(R—7)-h=0
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Orthonormal Triad of Fundamental Unit Vectors ¢, fz,,f)

We have defined a set of three mutually perpendicular unit vectors ¢, ﬁ,l; associated
with each point of a curve. This set of unit orthonormal triad forms a moving
trihedral at point P (say) such that

f-A=0, fA-b=0, b-t=0,

=b.

3>

fxb=1, bxt=n, t x
The vectors t, ﬁ,l; are called fundamental unit vectors.

Fundamental Planes

The three planes, osculating plane, normal plane and rectifying plane associated
with each point of a curve are called fundamental planes. These planes are mutually
perpendicular and are determined by the moving trihedral ¢, ﬁ,lA) at the point.

The equations of fundamental planes are:

Mathematical Explorations Space Curves February 13, 2026 10 /32



Osculating plane:
It contains ¢ and 7 and is normal to b, its equation is

(R—7)-b=0.

Normal plane:
It contains 7 and b and is normal to ¢, its equation is

(R—7)-t=0.

Rectifying plane:
It contains b and ¢ and is normal to 7, its equation is

(R—7) -~ =0.
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Equation of the Principal Normal and Binormal
Let 7 be the position vector of any point P on the given curve C. Let R be
the position vector of a current point R on the principal normal, then we have
0 :F,@:ﬁandP = An, since 1 is
the unit vector along the principal normal
and A is some scalar.

By triangle law of vectors, we have

OL—=0P+PE = R=r+,

which is the required equation of the princi-
pal normal.

Similarly if R is the position vector of a cur-
rent point ) on the binormal, then the equa-
tion of binormal is given by

R =7+ pub, where p is a scalar.
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Curvature:
The curvature at a point P of a given curve is the arc rate of rotation of the tangent
(i.e., change in the direction of tangent) at P. Its magnitude is denoted by « (kappa).

To find an expression for the curvature (k) at a given point P of a given
curve:

Let @ be a point very near to P on
the curve. Arc PQ is s and let the di- N
rection of tangent at () makes an angle f
00 with the direction of tangent at P. st
Again the unit tangent vector is not con- A
stant vector, since its direction changes e ¢« M
from point to point.
Let t and t + 0t be its values at P and @)

res&)tively. P T
If QM =t and Cﬁ = t 4 Jt, then we
have
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MN =6t, /MQN =266 and |QM|=|QN|=1

From the isosceles triangle QM N, we have

MN = 2QM sin <;59> = 2sin (;60)

= |6t] = 2sin <;59>

Taking limits,
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.. Curvature at P,

00 do
k = lim — = — along the direction of the tangent.
5s—00s  ds
do |dt| dé||dt dt dr’ - .
— - — —_— —_— p— _— g e = 1
F=Tads || |ds| " |as| " |as| =T [Using ()]

which implies that the curvature is the scalar measure of the arc rate of turning of
the unit vector ¢. The reciprocal of k, i.e., %, is called the radius of curvature and
is denoted by p.

Deduction:
7| =1 7 =1

Differentiating, we get

=/ =/
27" =0,
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i.e., 7" is perpendicular to 77, i.e., to t.
But 7" at P lies in the osculating plane at P, or 7" is a vector in the osculating
plane perpendicular to ¢, implying that 7" is collinear with 7.
Also |7"| = k, so we have 7" = +xh.
We choose the direction of 7 such that curvature k is always positive, i.e., we take
I & dt &
7" =KD or — =KN

ds:

Theorem. A necessary and sufficient condition for the curve to be a straight line
is that the curvature x = 0 at all points of the curve.

Proof. The equation of a straight line in vector form is given by
7= sd+b,

where @ and b are constant vectors.
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Hence,
g —/ — i —//
t=r"=a and t =7 =0

/!
/@:‘r |:O

i.e., if the curve is a straight line, then x = 0, i.e., K = 0 is a necessary condition for
a curve to be a straight line.
Converse. In case k = 0 for all points on the curve, then

7 =0 (1)

Integrating we get, 7’ = d.
Again on integration,

7=ds+b. (2)

where @ and b are arbitrary constant vectors. The equation (2) represents a
straight line for all values of @ and b. Hence the curve is a straight line.
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Torsion:

Torsion at point P of a given curve is the arc rate of the change in the direction of
the binormal at P. Its magnitude is denoted by 7.

To find an expression for the torsion at a point P of a given curve:

Let @ be a point contiguous to P on the curve. Arc
PQ = ds, b and b + 6b are the unit binormal vectors

at P and @ respectively and 66 is the angle between b
and b + db.
Let,

Ok =10,  Q%=b+6b
RS = ob.

Now from the isosceles triangle QRS we have

then
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RS = 2QRsin %50

:45@:2@ﬁmméw

= |0b| = 2sin %59 \Cﬁ| =1
]673] B 2sin %59

06] — ° o0
0b]  sin 06
- = T
66] — oo
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Taking limits as 6 — 0,

lim ]5(3| sin %56
5650 36| |66 = 59550 360
db
=1
~ a0
Thus, by definition, torsion at P is
m 60 do
S
5520 05 ds
_ @ | ’db‘ = |b’|
- |d[;| ds ds - -
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Hence, R
T =b|.

Thus 7 is the scalar measure of the arc rate of the unit vector b. The reciprocal of

the torsion is called the radius of torsion and is denoted by ¢ and o = %

Deduction: We have {-b = 0.
On differentiating,
0+t b=0
=tV +rn-b=0 [ 1 =rnd]
=i-0=0 [.n-b=0]
= bis perpendicular to ¢

Further,

b-b=1=2b-0 =0=bis perpendicular tob
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Thus ' is normal to the plane containing ¢ and 13, i.e., to the rectifying plane. Hence
b’ is collinear with 7.
Thus

)

Since the triad (¢, 7, 13) forms a right—-handed orthonormal system, the negative sign
is taken, i.e.,
- db

b =—mh or — =—Th.

ds

Theorem: A necessary and sufficient condition that a given curve is a plane curve
is that 7 = 0 at all points.

Proof. Let the curve be a plane curve. Then the tangent and normal at all points
of the curve lie in the plane of the curve, i.e., the plane of the curve is the osculating
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plane at all points. This implies that the unit vector b along the binormal is constant.

Hence )
db
ds

Hence the condition is necessary.

=0 or 7=0.

Converse. Let 7 = 0 at all points of the curve. This implies that

db
s~
ie., b is a constant vector.
Again, X
d - dar - b . - A
—(r-b)=—-»b F-—=1t¢-b _"b/.
ds (- ) ds T ds tr

As £ and b are orthogonal, we have - b= 0. Also ¥ = 0.
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Therefore,
d .
—(r-b)=0
S8 =0,

ie., 7- b = constant.

Again, b is a constant vector of unit magnitude; hence 7 - b is the projection of the
position vector 7 on b and is same at all points of the curve. This implies that the
curve must lie in a plane.

Screw-Curvature
dn

The arc rate at which the principal normal changes direction (i.e., ‘% D is called
the screw curvature vector and its magnitude is given by

vV K2 4+ 712
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Serret—Frenet Formulae:

The following set of three relations involving space derivatives of fundamental unit
vectors t, 7, b are known as Serret-Frenet Formulae:

df A dn db

1.£:/<m 2.%:Tb—l<dt 3.£:—7’n

( N\

Serret—Frenet formulae can be represented in matrix form

as
v 0 k 0] [t
Al =|-x 0 7| |7
vy 0 —7 0] |b
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Curvature and Torsion of a Curve:

For a curve 77 = 7(t),

We know that,
B dr B drds fds (1)
"TW T dsdt  dt

=2 =3 (2)

el (td8>
dt \dt
dt <ds> -1—7?@
~ ds \ dt at?

Space Curves

Differentiating again,
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Since j—i = kN, we get
- _(ds 2 &%
¥ = KN <dt> + tidt2 (3)

Taking the cross product of 7 and 7.7.',

Hence,

Differentiating, we get

Fx 7 +ixi=sdksb+b (3%)  [rb=—ri] (5)
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Again taking the scalar product of (3) and (5), we get
7 7, 7= —s0%2r )

Also from (2) and (4), we have

= [Fx]B] = | x 7]
PG LS B Y
LB
From (6) and (4), we have e
7 7 7]

T=""_
|77 x 72
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Q: Show that
=1 21 2
N/ [7’ , T, T ]
k=" x7" and T= X
Proof: We know that #' = ¢ and 7" = ki
7' x 7" =1 x ki = kb
or,
|7 x 7| = k|b] = Kk (1)
Again,
7 =t=1.t+0.2+0.b (2)
7" = ki =0.f+ KA+ 0.b (3)
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dn dk
=/ — o Y a 2
" ﬁds + dsn (2)
= k(7b — Kt) + K'n
= k2 + KN+ KTb

From (2), (3) and (4), we have

1 0 O
[77/, 7:»//’ 77///] o K O
—k2 K kT
= KT (5)
OI" [F/ 7:‘// T—'/l/] [T,—*/ 7:'// T—,'///]
) ) 9 ) .. =/ 2/
T= K2 :|F’><F”]2 [cr =17 x 7]
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Theorem: Show that the necessary and sufficient condition for the curve to be a

plane curve is [7/, 7", 7] = 0.

Proof: We have, [7', 7", 7" = k?7.

In case [/, 7" f"”’] =0, then either k =0 or 7 = 0.

Let, 7 # 0 at some point of the curve then in the neighbourhood of this point 7 # 0,
therefore kK = 0 in the neighbourhood of this point.

Hence the arc is a straight line and therefore 7 = 0 on this line which contradicts

our hypothesis. Thus 7 = 0 at all points and the curve is a plane.

Conversely if 7 = 0 i.e., the curve is a plane curve then [/, 7", #"] = 0.

Therefore the condltlon is necessary as well as sufficient.
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THANK YOU

Vist the website for notes
https://mathematicalexplorations.co.in
Subscribe to my YouTube Channel
Mathematical Explorations
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