Space Curves - Differential Geometry

Presented by

Dr. Rajshekhar Roy Baruah
Assistant Professor
Department of Mathematical Sciences

DEPARTMENT OF MATHEMATICAL SCIENCES
BODOLAND UNIVERSITY, KOKRAJHAR



Osculating Plane:

Curve of Class > 2:
A curve is said to be of class > 2 if it is sufficiently smooth. Let the curve be

represented by its position vector 7(t).
Then,

e the first derivative 7/(t) (velocity),
e the second derivative 7" (t) (acceleration),
both exist and are continuous.

In simple terms, a curve of class > 2 has a well-defined tangent vector and a well-
defined curvature at every point.

Tangent Line to a Space Curve:

Let us consider a point P on a space curve. The tangent line at the point P is the
line that

@ touches the curve at P
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@ has the same direction as the curve at that point

Mathematically, if P = #(ty), then the direction of the tangent line at P is given by
the vector 7/ (tg).
Hence, the tangent line at the point P is uniquely determined.
A Nearby Point and the Associated Plane:
Let @) be another point on the curve, chosen very close to the point P.
The tangent line at P together with the point ) determines a unique plane. This is
because a line and a point not lying on that line uniquely define a plane.
Thus,
Tangent line at P + nearby point ¢ = a plane

This plane depends on the position of the point Q.

Limiting Position of the Plane:
As the point @ approaches P (that is, @ — P), the corresponding plane changes
continuously.
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However, in the limit, the plane approaches a fixed position.
This limiting plane is called the osculating plane at the point P. The osculating
plane is the plane that best fits the curve near the point P.

The osculating plane at a point P of a curve of class > 2 is the limiting
position of the plane which contains the tangent line at P and a neighbouring
point @ on the curve as Q — P.

Alternatively, if P,@Q, R are three consecutive points on the curve, then the
limiting position of the plane PQR, as the points () and R tend to P, is called
the osculating plane at the point P.
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15-1.5

Planes through Tangent at P and Q1, Q2,Q3 (Q — P)
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Equation of the Osculating Plane

To find the equation of the osculating plane at a given point P of the curve C.
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Let 7 = (s) be the given curve of class > 2 with respect to the parameter s, the
arc length.

Let the arc length be measured from some point, say A, such that arc AP = s, arc
AQ = s+ ds, so that arc PQ = Js.

The position vector of the point P can be taken as 7(s). The position vector of the
point @ can be taken as 7(s + ds).

Let R be the position vector of the current point 7" on the plane containing the
tangent line at P and the point Q).

The unit tangent vector at P is

Now,

PT=R-r(s), t=r(s), PO=r(s+3ds)—r(s),

and these vectors lie in the plane T PQ).
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Hence, their scalar triple product must be zero, i.e.,
[R —r(s), r'(s), r(s + ds) —r(s)] = 0. (1)

Equation (1) is the equation of the plane T'PQ.
Now, expanding r(s + ds) in powers of ds by Taylor’s theorem, we have

S)2
r(s+ds) =r(s) + dsr'(s) + (52!) r(s) + O(6s3). (2)

Putting the value of r(s + ds) from (2) into (1), we get

ds)?
2!

[R —r(s), r'(s), dsr'(s) + ( r’(s) + 0(533)] =0.

Since 1r/(s) x r’(s) = 0, this reduces to

[R —1(s), '(s), ’(s) + O(ds*)] = 0.
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Hence, the limiting position of the plane as Q — P, i.e. as ds — 0, is
[R - I'(S), I'/(S), I'//(S)] = 0. (3)

Provided the vectors r'(s) and r”(s) are linearly independent, equation (3) can be
written as

[R —r(s), r'(s), r”(s)} =0, (4)
which is the equation of the osculating plane at P.
Remark:

The vectors 7/(s) and 7”(s) lie in the osculating plane and therefore the vector
7'(s) x 7"(s) is normal to the osculating plane at P.

Dr. Rajshekhar Roy Baruah Space Curves February 9, 2026 8 /20



Deduction 1. Osculating plane at a point of inflexion.

A point P where 7 = 0 is called a point of inflexion, and the tangent line at P is

called the inflexional tangent.

For finding the equation of the osculating plane at a point of inflexion, it will be

shown that when a curve is analytic, there exists a definite osculating plane at a

point of inflexion P provided the curve is not a straight line.

Since 7’ is a vector of constant magnitude unity, it is perpendicular to its derivative
" so that

)
77 =0

Differentiating this, we get

—» —»/I/

+7 .7 =0 (5)
Again P is a point of inflexion, 7" = 0. Hence (5) reduces to

=/ =/
ror =0
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This shows that 77 is linearly independent of 7" except when 7" = 0.
Continuing this argument, we shall arrive at the result

77k =0

bl

where %) (k > 2) is the first non-zero derivative of 7 at P. We then have

(ds)"
Rl

Hence the equation of the osculating plane at P is

(s + 8s) — 7(s) = ) (5) + O(8s"+1)

—

[ —(s), ™'(s), 7¥(s)] = 0

Remark:
In case %) = 0 for all k > 2, then since the curve is analytic, we see that 7’
is constant and the curve is a straight line.
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e
Deduction 2. Osculating plane for a curve with general parameter t.

If the equations of a curve are given in terms of a general parameter ¢, then

_dF_dFdt 7
é’

=/

T ds  dt ds
— 5 = oo
Ly _dr T T8
ds $2 g3

Putting these values of 7/ and 7 in (4), we get

- o
- S o
=[R—-7, 7T )
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Deduction 3. Cartesian form.

Let (X,Y, Z) be the coordinates of a current point 7" on the osculating plane at P,

the coordinates of point P being (z,y, z). Then

R=Xi+Yj+Zk and 7=ui+yj+zk

R—F=(X—2)i+ (Y —y)j+ (Z—2)k

Again,
=2t +yJ + Zk, T =2i+ 4] + 2k
Hence,
X—x Y-y Z—-=z
x Y z | =0
3 U Z
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Ex.1. Find the osculating plane at the point ¢ on the helix
7= (acost, asint, ct)
Solution: The equations of the helix are
T = acost, Y = asint, z=ct
Differentiating with respect to t, we get
T = —asint, Yy = acost, Z =c,

T = —acost, 9 = —asint, z2=0
Therefore, the equation of the osculating plane at the point ¢ is

X —acost Y —asint Z —ct
—asint acost c =0.
—acost —asint 0]
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L
Expanding the determinant, we get
(Z — ct) [(—a sint)(—asint) — (acost)(—acos t)}

- c[(X —acost)(—asint) — (Y — asint)(—acost)} =0

Or,
c¢(Xsint — Y cost — at) + az = 0.

Thus, the angle between the tangent to the curve and the given line is independent
of ¢ and remains constant for every point on the curve.
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Ex.2. For the curve = (3t, 3t?, 2t3), show that any plane meets it in three points
and deduce the equation of the osculating plane at ¢ = ;.
Solution: The equations of the curve are

x = 3t, y = 3t2, z =283 (1)
The most general equation of a plane is
Az +By+Cz+D =0 (2)
Putting the values of x,y, z from (1) into (2), we get
F(t) = A(3t) + B(3t*) + C(2t>) + D =0 (3)

The equation (3) is cubic in ¢, and hence any plane meets the curve in three points.
The osculating plane has three-point contact with the curve at ¢ = t;; thus

F(t1) =0, F'(t;) =0, F'(t1) =0
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These conditions give

3At; +3Bt? +2Ct3 + D = 0, (4)
3A+ 6Bt +6Ct; =0, )
6B +12Ct; =0 (6)

Eliminating A, B,C,D from (2), (4), (5) and (6), the equation of the osculating
plane is
x Y z 1
3t 33 23 1
3 6t 6t2 0
0 6 12¢ 0

=0

or equivalently,

T—3t; y—3t7 2-28
1 2t 22 | =0
0 1 2ty

Dr. Rajshekhar Roy Baruah Space Curves February 9, 2026



Expanding, we get
22 (x — 3t1) — 2ty (y — 3t3) + (2 — 2t3) = 0,

or

2 7 — 2ty + 2 = 2t}
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THANK YOU

Vist the website for notes
https://mathematicalexplorations.co.in
Subscribe to my YouTube Channel
Mathematical Explorations
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