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N
PDE of the Second Order

Definition )

A partial differential equation is said to be of the second order when it involves,
2 2
at least one of the partial derivative of second order i.e., r(= %), s(= Egcgy) and

t(= oy 2) but no partial derivative of third or higher order. The first order partial
derlvatlves p and ¢ may also be present in these equations. The second order partial
differential equation is given by

f(x,y,2,p,q,7,5,t) =0
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N
PDE of the Second Order

The general linear partial differential equation of second order in two independent
variables  and y, with z as dependent variable and variable coefficients is given by

Rr+Ss+Tt+ Pp+Qq+Zz=F

where R, S, T, P,Q,Z and F are functions of x and y only and not all R, S, T are zero
together.

Remark:

0%z Op 0%z _Op  0q ; 0%z Oq

922 Bz’ ° Bxdy Oy odx | 0yr By
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e
Origin of Second Order PDE

Origin of Second Order Partial Differential Equation by the Elimination of
Arbitrary Constants J

Let us consider an equation
f(':v’ y? Z7 a’? b’ C) = O (1)

where z is a function of two independent variables x, y and a, b, ¢ arbitrary constants.

Differentiating (1) partially w.r.t  and y, we get

_ of L of _
%‘Fa%—o or ax—i—ap—o (2)
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e
Origin of Second Order PDE

and of ofd P
z
_ “J P 3
0y+8z8y 0 or 8y+6zq 0 (3)

It is not necessary that a,b and ¢ may be eliminated between (1), (2) and (3) to
give a partial differential equation. In that case differentiate (2) partially w.r.t = or
differentiate (3) partially w.r.t y or differentiate either (2) partially w.r.t y or (3)
partially w.r.t . Thus we get the following equations.

Differential (2) partially w.r.t x,

o%f  9*f of op
522 T oz Y as 00 0 (4)
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e
Origin of Second Order PDE

Differential (3) partially w.r.t y,
*f  *f  9fdq _

—_— = 5
Oy? + Byﬁzq 0z Oy 0 (5)

Differential (2) partially w.r.t 'y’

Ff 0*f Of 9
0yox + 6y6,zp + 9z 8734 =0 (6)

Now eliminating a, b and ¢ between (1), (2), (3) and one or more (if needed) of (4), (5),
and (6), we shall get a second order partial differential equation.
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N
Origin of Second Order PDE

Ex. 1. Find a partial differential equation by eleiminating a, b, ¢ from

2 2 2
T Y z
2tptas!
Sol: Given ) ) )
T Y z
2pEpta=! (1)

Differentiating (1) partially w.r.t  and y successively we get

2x 2z 0z

2 0—2%:0 or x+a’zp=0 (2)
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e
Origin of Second Order PDE

and 5 9
zZO0Z
big“—cﬁaiy =0 or C2y+b22q:0 (3)

Here it is not possible to eliminate a,b, ¢ between (1), (2) and (3).
So again differentiating (2) partially w.r.t z, we get

QD

T

24 42 (02 9\ — oo Op _ 9 (92 _ 9%z _
cra (%pJFZ%)—O C o= (e ==

or, 2+ a?(p*+2r)=0

Now from (2)
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e
Origin of Second Order PDE

Substituting in (4), we get

2
—ﬂp—l-aQ(pQ—i—zr):O or xzr+axp?—z2p=0 (5)
T

Again differentiating (3) partially w.r.t y, we get
2 12(0 dq\ _ .. 99 _ 9 (08z) _ 9%z _
St (Farpy)=0 | v B=5(5) =G

or, ¢+ b*(¢>+ 2t) =0

Now from (3),
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e
Origin of Second Order PDE

Substituting in (6), we get

b2
—iq+b2(q2+zt):0 or yzt+yqg® —2q=0 (7)
Yy

Again differentiating (2) partially w.r.t y or (3) w.r.t x, we get

2 ( 0z op\ _ .. 0p 9 (0z\ _ 0% _ 0% __
a (ayp+zay>_0 . ay—ay(ax)—ayax—axay—s

or, pg+z25=0

(8)

The equations (5), (7) and (8) are the required second order partial differential equa-
tions.
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N
Origin of Second Order PDE

Ex. 2. Obtain the partial differential equation by eliminating arbitrary constants from

z = Ae " cosma sinny  where 2 = m? + n?.

Sol: Given,
z = Ae " cosma sinny (1)

Differentiating (1) partially w.r.t the independent variables ¢,z and y, we get
0z

5% —Ale ™" cosma sin ny (2)
0
6—; = —Ame " sinmz sin ny (3)
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e
Origin of Second Order PDE

and P
az = Ane " cosma cos ny (4)
Y
Differentiating (2), (3) and (4) partially w.r.t ¢,z and y respectively, we get
0%z
52 = Al?e " cosmz sin ny (5)
82
a—'z = —Am2e " cosma sin ny (6)
7
and 52
z
) = —An?e " cosma sin ny (7)
Y
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Origin of Second Order PDE

0%z 0?2 0%z
: o= — A2 — 2 — n2)e :
.(5)+(6)+(7) = 92 T o2 T 92 (I* = m? —n?)e™" cosma sinny

0%z 0?2 0%z 9 9 9

which is the required second order partial differential equation.
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e
Origin of Second Order PDE

Origin of Second Order Partial Differential Equation by the Elimination of
Arbitrary Functions J

If the given relation between the dependent variable z and two independent variables
x and y contains two arbitrary functions then the elimination of these two functions
from the given relation will give rise to a second order partial differential equation in
general.

Ex. 1. Form a partial differential equation by eliminating the arbitrary functions f
and ¢ from
z=yf(x) +z¢(y)

Sol: Given,

z=yf(x) +z¢(y) (1)
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e
Origin of Second Order PDE

Differentiating (1) partially w.r.t  and y, we get

= ur'(@) + o)
and 5
a—z = f(x) + 2/ (y)

Again differentiating (2) partially w.r.t y, we get

0%z B
oyor

f'(@) +¢'(y)
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e
Origin of Second Order PDE

From (2) and (3),

0z

Fa) = o o] ad o) =

T

51

Substituting in (4), we get

0%z 1[0z 1[0z
Dy 0z = y [8x_¢(y)] +E [%—f(x)]
0?2 15) 15)
= ﬂcngzp = w£ + y£ — (zo(y) +yf(z))
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N
Origin of Second Order PDE

0%z 82 0z

Wy = Ton TV, — (z¢(y) + yf(x))

=

Substituting from (1),
0%z 0z 0z

— =z

xy@y@av ~Yor tY ay

= xYys=axp+yq—z

which is the required partial differential equation of order 2.

Ex. 2. Form a partial differential equation by eliminating arbitrary functions f and g
from

2= f(z* —y) + g(a® + ).
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e
Origin of Second Order PDE

Solution: Given,
2= f(z® —y) +g(z* +y) (1)
Differentiating (1) partially w.r.t  and y, we get

0 —2nf/(a? —y) + 20 (4% +) &)
g; =—f'(@® —y) + 4 (=" +y) (3)

Differentiating (2) partially w.r.t  and (3) w.r.t y, we get

82
Ox?

=4a? f"(a® —y) +2f (2® — y) + 42?g"(2® + y) + 29/ (2 + y) (4)
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e
Origin of Second Order PDE

2
gyﬁ =f"(@®—y)+ 4" (> +y) (5)

From (2),
1 0z

1.2 !( 72 el
[(z®—y) +9g(@ +y) 57 92

Substituting from (5) and (6) in (4), we get

or

which is the required differential equation of order 2.
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N
Origin of Second Order PDE

Origin of Second Order Partial Differential Equation of Special Type J

Let
2= Fu) + g(v) +w (1)

where f and g are functions of u and v respectively and u,v and w are prescribed
functions of x and y.
Differentiating both sides of (1) partially w.r.t. = and y respectively, we get

p= f,(u) Ug + g’(v) Uy + Wy (2)

and

q= f’(u) Uy + gl(v) Uy + wy (3)
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e
Origin of Second Order PDE

Again differentiating (2) partially w.r.t  and y and differentiating (3) partially w.r.t

Yy, we get
r= O ) g ()02 T () e+ () i+ 0 0
5]
5= a—g’ = F"(u) gty + 9" (V) vyvg + F(0) gy + ' (V) Vay + way (5)
and
@ 1! 2 /! 2 / !
= = [ (u) uy + g" (v) vy + f1(u) uyy + g'(v) vyy + wy, (6)

Equations (2)—(6) can be written as

(p = wa) = f'(w)te — g'(v)ve =0 (7)
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e
Origin of Second Order PDE

(g —wy) = f'(w)uy — g'(v)vy =0 (8)

(r = waa) = f'(W)ttar — §'()v2e — f"(u)ul — g"(v)v; =0 (9)
(s = way) — [/ (Way — g'(0)vay — [ (W) uyus — g"(v)vyve = (10)
(t —wyy) — /(u)“yy 9/(U)Uyy - f”(u)uz - 9”(” %2; =0 (11)

Eliminating f'(u), ¢’(v), f”(u) and ¢”(v) from equation (7)—(11

P— Wy Uy Uy 0 0
q—wy Uy Uy 0 0
T = Wgy Ugyx Uz ugzc 325
5= Wy Upy Vpy Uglly Ugly
t—wyy Uy vy U iy
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e
Origin of Second Order PDE

Expanding with respect to the first column, we get a differential equation of the form
Rr+Ss+Tt+Pp+Qq=W (12)

where R, S, T, P,QQ and W are known functions of x and y.

Equation (12) is a linear partial differential equation of second order, and is
obtained by eliminating the functions f and g. This equation (12) is of special type in
which the dependent variable z does not occur.

The relation (1) is a solution of the second order linear partial differential equation
(12).
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N
Special Types of Second Order PDE

Type I: Under this type, we consider equations of the form

&z F &z F 9%z F
"= 92 " R filz,y), t= 02T fo(z,y), s= o0y 5 f3(z,y)

Equations of this type are solved by direct integration of both sides partially w.r.t. x or
y as possible. When integration partially w.r.t. z is done then y is treated as constant
and the constant of integration is taken as some function of y and when integration
partially w.r.t. y is done then x is treated as constant and the constant of integration
is taken as some function of x.

Ex. 1. Solve zys = 1.

Sol. Given,

9%z 1

5T 0xdy - xy
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N
Special Types of Second Order PDE

Integrating both sides partially w.r.t. z, treating y constant, we get

0z

1
— = —logx +
g~y 08T T

Again integrating both sides partially w.r.t. y, treating x constant, we get

z =10gy~10gw+/f(y)dy+¢(w)
or
z =logy -logz + ¢(y) + ()

where ¢(y) and ¥ (x) are arbitrary functions.
Ex. 2. Solve xy%s = 1 — 222%y.
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N
Special Types of Second Order PDE

Sol. The given equation can be written as

0%z B 1—2:1:2y_ 1 5T
2 Yy

S = =
Oz dy Ty
Integrating partially w.r.t. ’2’, (treating y constant), we get
0z 1 x?
% _ Lioga—" + f(y)
dy y? y

Again integrating partially w.r.t. y, we get

z = —;logaﬁ — 22logy + /f(y) dy + ¢(z)
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N
Special Types of Second Order PDE

or
1
5 = _glogx — J,‘2 logy+ QZ)(y) —}-’(ﬁ(l‘)

where ¢(y) and ¥ (x) are arbitrary functions.
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Type II: Under this type we consider equations of the following forms

Rr+Pp=F e

Ss+Pp=F 1ie.

Ss+Qq=F ie.

Tt+Qq=F ie.

Dr. Rajshekhar Roy Baruah

F
"R

9

F

=3

Here S=0,T=Q=2Z, R#0, P#0

Here R=0,T=Q=2,5#0,P#0

Here R=0,T=P=2,5#0,Q+#0

Here R=0,S=P=7Z,T#0,Q #0
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These equations are linear equations of the form

d
ot Py=Q
dz

whose LF. = ¢J Pdz
and the solution is

yefpdz:/Qedexd:E—l-C.

Ex. 1. Solve xr + p = 9z2%y3.
Sol. The given equation can be written as

logz _

1
which is linear in p, whose LF. = ¢/ 2% = ¢ T.
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-
pox= /(9y3) cxdr+ f(y) = 32%y> + ¢(y) (Treating y constant)

0z 1
- P=50 = 3a%y” + ;(ﬁ(y)

Integrating partially w.r.t. =, we get

z = 23y + d(y) log x + ()

where ¢ and ¢ are arbitrary functions of y.
Alt: The given equation can also be written as

0 2,3
- 1) =
5y (P + 1) = 927y
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Integrating partially w.r.t. = (treating y constant) we get

zp+1 =323+ f(y)

0z 1
= p=go= 32%y° + —{fw) -1}

Again integrating partially w.r.t. = (treating y constant), we get

z =23y + {f(y) — 1} logx + ¥ (y)

z =2 + ¢(y)logz + ¥(y), where ¢(y) = f(y) — 1

which is the required solution.
Ex. 2. Solve sx + q = 4x + 2y + 2.
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Solution: The given equation can be written as

0 1 dx + 2y + 2
¢ 1 _det2y+2

or = T

1
which is linear in ¢, whose LF. = ¢/ z% = ¢log@ — 4.

q'SU:/x'dewa(y)

- /(49[; +2y + 2)dz + f(y) = 22% + 2y + D + f(y)

0z

1= 5 =20+ Ay + D+ 1 /0)
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Integrating partially w.r.t. y, we get

s =2ay i+ 2y 0l + vla), where [ )y = 6(0).
or 1
2 =2y +y" +2y + —o(y) + F(x), where F(z) = ¢(z).

or
z =22y + xy® + 22y + o(y) + F(x),

where ¢(y) and F(x) are arbitrary functions.
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Type III: Under this type, we consider equations of the form

Rr+Ss+Pp=F or R 9 + 5 Op =F—Pp
ox oy

and

Ss+Tt+Qq=F or S % +T 94 =F —Qq.
Ox oy

These are linear partial differential equations of order one with p (or ¢) as dependent
variable and z,y as independent variables.

Ex. 1. Solve xyr + x%s —yp = xeY.
Sol. The given equation can be written as

dp 2@

= x3e¥ 1
5 9 z°e +yp (1)
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which is Lagrange’s equation in p and the Lagrange’s auxiliary equations are

der dy dp
ry a2 ade¥ +yp’
Taking 1st and 2nd fractions, we get

rzdr —ydy = 0.

Integrating,

2t =y = e (2)

Taking 2nd and 3rd fractions, we get

dp _ 2 typ WP
dy x? x2
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which is linear in p, whose

p(y? + 1)V = / V2 + e))ev(y? + e) 2y + e

IF — 6f—y23_61dy _ efélOg(y2+cl) — (y2 4 61)71/2

or
p:/eydy—l—cz:ey+02
VY +a
or
P_ vy )
x
From (2) and (3), the solution of (1) is
R A (s
x
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or 5
p= 2= =zl +af(a — o)
ox

Integrating partially w.r.t. x, (treating y constant) we get

7= ey/xdaz + /xf(xz —y?)dz + p(y)

or
o %;13269 + ;/Qxf(:rQ — y?)dz + P (y)
or 1,1,
2= gate +§¢(:c —y°) +¥(y)
or

2z = 2%’ + ¢(a® — y?) + F(y)
where 2¢(y) = F(y) and ¢ and F' are arbitrary functions.
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Ex. 2. Solve yt + xs + q = Syx? + 9y°.
Sol. The given equation can be written as

Tgp T UG, = 1T 8yz® + 9y (1)

which is Lagrange’s equation in ¢ and the Lagrange’s auxiliary equations are
grang q q grang

dm_@_ dq

T y  —q+ Syx? + 92

Taking 1st and 2nd fractions, we have

d
dy _dz _
Yy x
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Integrating, logy — logx = log =q

SHES

Taking 2nd and 3rd fractions, we get

d 1 8 .
d—g+ —qg=8z2+9y = 2y2+9y using (2)
“a
o dg 1 8
q
dy Tyt gy Y

1
which is linear in ¢, whose I.LF. = el v — clogy — Y.

8 8\ y? 5
yq:/( Y +9y)ydy+02 (C2> 1 +3y° + 2
1
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2
yq = Cfgy‘* +3y° + ¢ (3)
1

From (2) and (3), solution of (1) is

212
va = - 3y° = F(y/x)

or
22, 1
¢="—+3y’+ ~F(y/z)
Y y

Integrating w.r.t. y, (treating x constant), we get

0 5} 222 1
z:xz+yzz/(“+3y2+p(y/x)) dy + ()
€z Yy Yy
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1
z=xly+vy> + / ;F(y/x) dy + ®(z)

Putting y/z = t, (1/z)dy = dt, we have
1
R S / () dt -+ ()

where

/1}7@) dt = (t) = B (y/x)

which is the required solution of (1), where ®(y/x) and ¥(x) are arbitrary functions.
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Type IV : Under this type, we consider equations of the forms

. 0%z 0z
Rr+Pp+Zz=F ie., R82+Pa +Zz=F (1)
and
) 02z
Tt+Qq+Zz=F ie., T82+Q —|—ZZ—F (2)

These equations are ordinary linear differential equations of order two with independent
variable z in (1) and y in (2).

Ex. 1. Solve: r —p — (%) (% — 1)z = 2%y — 2%y% + 22> — 293,

Sol. Taking D = %, the given differential equation can be written as

[D* - D — <%) (; —D]z= 2’y — 2%y* + 2xy° — 24 (1)
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or
1 1 _ .2 2,2 3 3
[D—=1[D+ (2 -1)]2 =2y — 2y + 229° - 29 (2)
whose C.F.=¢€"/yp1(y) + €$(1_1/y)¢2(y)

To find the P.I. of (1), let
Z:Fll‘Q—i-ng—i-Fy) (3)

where F1, Fb, F3 are functions of y or constants.

)
Dz=22 —9Fz+ F
ox
and o
z
D%z =22 —92F
& Ox? !
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Putting in (1), we get

2F — 2Fix + F) — (i) (% — 1) (Fiz? + Fox + F3) = 2%y — 2%y + 2293 — 23

Equating coefficients of like powers of z, we get

(B (E-1)R=y-y? (4)
R, — (%) (5 - 1) Py =2 (5)

and
2P~ F— (1) (L-1) By = -2 (6)

From (4), Fy=—y3 .. from (5) F; =0 and from (6) F3 =0

from (3), P.I = —y322
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Hence the required solution of (1) is

z=CF. +PlI.

or

z=e"[ydi(y) + e Vs (y) — 2?yP.
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THANK YOU

Vist the website for notes
https://mathematicalexplorations.co.in
Subscribe to my YouTube Channel
Mathematical Explorations
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