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Types of Integrals

Types of Integrals in First Order PDEs J

Consider a first-order PDE of the form

0z 0z

F(xayvzvp>Q):O, Wherep:%’ q:aiy.

Definition: A complete integral of a PDE is a solution which contains as many arbi-
trary constants as the number of independent variables in the PDE. For a PDE in two
independent variables (z,y), the complete integral will contain two arbitrary constants,
say a and b.

Example:

z=az + by + ab,
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Types of Integrals

is a complete integral of a PDE in x and y, since it involves two arbitrary constants a
and b.

Definition: A particular integral of a PDE is obtained by assigning specific numerical
values to the arbitrary constants in the complete integral. This gives one specific
solution surface from the family of solutions represented by the complete integral.
Example: From the complete integral

z=az + by + ab,

if we set a =1, b =2, we get
z=x+2y+2,

which is a particular integral.
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Types of Integrals

Definition: A singular integral of a PDE is a special solution that cannot be obtained
by simply assigning values to the arbitrary constants in the complete integral. It is
obtained by eliminating the constants from the complete integral using the conditions

0z 0z

—_— = 0 _— =
da 7 b
which corresponds geometrically to finding the envelope of the family of surfaces given
by the complete integral.
Example: For the complete integral

0,

z=ar + by + ab,
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Types of Integrals

eliminating a and b gives the singular integral
z = xy.

Definition: A general integral of a PDE is a solution which contains an arbitrary
function, rather than a finite number of arbitrary constants. This represents the most
general form of the solution.
Example:

z=flz+y),

is a general integral, where f is an arbitrary function of = + y.
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e
Compatible System of First—Order Equations

Compatible System of First—Order Equations J

Let us consider first order partial differential equations
fx,y,2,p,9) =0 (1)

and
9(x,y,2,p,q) =0. (2)

Equations (1) and (2) are known as compatible when every solution of one is also a
solution of the other.

Mathematical Explorations Non-Linear Partial Differential Equation September 1, 2025 5/ 86



Compatible System of First—Order Equations
To find condition for (1) and (2) to be compatible. J
Let,

a(f.9)

J = Jacobian of f and g = #0 (3)

a(p,q)

Then (1) and (2) can be solved to obtain the explicit expressions for p and ¢ given by

p= (b(m:yv Z) and q= w(xayv Z) (4)
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e
Compatible System of First—Order Equations

The condition that the pair of equations (1) and (2) should be compatible reduces then
to the condition that the system of equations (4) should be completely integrable, i.e.,
that the equation

dz=pdr+qdy or ¢dx+dy—dz=0, using (4). (5)

should be integrable. (5) is integrable if

() lo- ) (-3)-

which is equivalent to

o 0w _ 06 00

8x+ 0z 87y+ dz
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Compatible System of First—Order Equations
Substituting from equations (4) in (1) and differentiating w.r.t.  and z respectively,
we get,

of 9fos  ofov -
Ox Opdxr Oq Oz '
and

of 0fdp  Of o
9: Tapa: Taga: (8)
From (7) and (8),

of ~ of of (0¢ ¢ of (oY Y
&E+¢82+3p<+¢ ) o <8x+¢82> 0. (9)
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Compatible System of First—Order Equations
Similarly (2) yields
dg dg 0Og (09 0 og [0y o\

Solving (9) and (10),

8z J

oy oy _119(f.9) , 0.9
oz ¢ [mam 8@mJ'

Again, substituting from equations (4) in (1) and differentiating w.r.t. y and z and
proceeding as before, we obtain

o 06 1[0(f9) Of9)
oy V- J[a@@> awﬂﬂ'
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N
Compatible System of First—Order Equations

Substituting from equations (11) and (12) in (6) and replacing ¢, v by p, g respectively,

we obtain
1[0(f,g9) , 9(f.9)] _ 1713(f.9) = 9(f.9)
7 [0(e.p) " PaC, )}‘ J[a<y,q>+qa<z,q> |
[fag]: ,
where
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e
Compatible System of First—Order Equations

A PARTICULAR CASE: I

To show that first order partial differential equations p = P(x,y) and ¢ = Q(x,y) are

P
compatible if and only if or = @
Jdy  Ox
Proof. Given 9 9
z z

5s — P = Pley), oy~ ¢ Q(z,y) (1)

Since 5 5
z z
dz = <6> dx—l—(ay) dy =pdx +qdy (2)
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Compatible System of First—Order Equations

it follows that the given PDEs (1) are compatible iff

dz=Pdxr+ Qdy (3)

is integrable.
Since P and @ are functions of x,y, Pdr + Qdy is exact iff

oP _ oQ

oy  Ox’

P
Therefore, (3) is integrable iff gy = ({;g
12 /86
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Compatible System of First—Order Equations
oP  0Q . .
If = e then the system of PDEs (1) is compatible and hence they possess a
Yy g3

common solution.

Remark 2
oP , 0Q

If — # £ then the system of two given partial differential equations (1) is not

oy

compatible and hence these equations possess no solution.
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e
Compatible System of First—Order Equations

Ex. 1. Show that the differential equations p = 22 — ay, ¢ = y> — ax are compatible
and find their common solution.

Sol: We know that the system of equations

p=Py), q¢=Q(y) (1)
is compatible iff
or _0Q
oy  Ox
Comparing with the given system
p=1"—ay, P=2’-ay, (2)
g=y*—ar, Q=y’—ax (3)
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N
Compatible System of First—Order Equations

From (2) and (3),
op_ Q@ __,  9P_oQ
oy  oxr dy  Ox
So equations (2) are compatible.
Common Solution of (2):

Substituting the values of p and ¢ from (2) in dz = pdx + g dy, we get
dz = (2° — ay) dz + (v* — ax) dy = 2*dx + y*dy — a d(zy)

Integrating,
2?4 o3
3
Equation (4) is the required common solution of the given equations (2).

—axy +c¢, cisan arbitrary constant
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N
Compatible System of First—Order Equations

Ex. 2. Show that the equations zp = yq and z(zp + yq) = 2zy are compatible and

solve them.
Sol. Let

f(z,y,2,p,q) =2p—yq =0
9(x,y,2,p,q) = z(xp +yq) — 22y =0

of

of,9) oz
o(z.p) |99
ox

of of
0z 9p
dg 9g
9z Op
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Compatible System of First—Order Equations
of of
of9) _loy oq|_| ~9 Y _ _,
Ay, q) @ @ zq —2xr =2y w
oy Oq
aof of 0
(f.9) _ |9z dq - 2
d(zq) |99 99 xp+yq zy Py

0z 0Oq
Hence,
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e
Compatible System of First—Order Equations

Substituting values,
[f, 9] = 2zy — 2®p® — xyqp — 2xy + zypq + y°¢°.

= —zp(zp +yq) + ya(zp + yq) = —(zp — yq)(xp + yq).
Using (1), we get [f,g] = 0. Hence, (1) and (2) are compatible.
Solving (1) and (2) for p and ¢, we get

y X
- —— 3
p=7, =" (3)

Using (3) in dz = pdx + qdy, we have

dz = (g) dx + <£> dy = zdz=d(xy)

z
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e
Compatible System of First—Order Equations

Integrating,
2

z & 2 . .
5 =%y + 5 or z°=2xy+c, wherecisan arbitrary constant.

Ex. 3. Show that the equations zp — yq¢ = = and z?p + ¢ = xz are compatible and
find their solution.

Sol. Let
flz,y,2,p,q) =ap—yg—2 =0 (1)
9(z,y,2,p,q) = 2°p+q— 2 = 0. 2)
of
p—1 T
gp - =(p- 1)ZE2 —x(2xp — 2).
37% 2ap — z a2
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Compatible System of First—Order Equations
Similarly, .9) .9) .9)
afag_Z af?.g _ 8f7g _
ozp) 7 Ay T Azg Y
. _O(f,g)  O(f,9) |, O(f.g) , O(f.9)
9= 5 P e o)’ T ()

= (p—1)a® — z(2zp — 2) — pr® — ¢ — wyg
= 2?4 22—q—xyq=—2*+ 2 —qry, by (2)
=z(—x+2)+ (zp—yq) =0, by (1).
Hence (1) and (2) are compatible.
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Compatible System of First—Order Equations
Solving (1) and (2) for p and ¢,
_1+yz _ z(z— )
p_1+xy’ = 14y ®)
Using (3) in dz = pdz + qdy,
(1+y2) x(z — )
dz = d d
T Uran™ T Gty
= (14+zy)dz = (1 +yz)de + z(z — x)dy
= (1 + zy)dz — 2(yde + zdy) = dx — 2*dy
(1+ay)dz — zd(zy)  do—x?dy %—dy < z >__d(y+1/a:)
(1+y)? C (A+ay)? (y+1/e)? Itay)  (y+1/2)?
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e
Compatible System of First—Order Equations

z 1 n z T n
= c or = c
l+zy y+1/z 14+zy 14+zy

Integrating it,

z—x=c(l+xy), cbeing an arbitrary constant.
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Charpit’s Method

Charpit’s Method (General method of solving partial differential
equations of order one but of any degree) J

Let the given partial differential equation of first order and non-linear in p and ¢ be

f(x7yazap7Q) =0 (1)

and
dz =pdr +qdy (2)

We know that the next step consists in finding another relation

F(x,y,2,0,q) =0 (3)
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Charpit’s Method

such that when the values of p and ¢ obtained by solving (1) and (3), are substituted
in (2), it becomes integrable. The integration of (2) will give the complete integral of
(1).
In order to obtain (3), differentiate partially (1) and (3) with respect to x and y and
get

of ,of . 9fop  0fdq _
6x+8zp+8p8m+8q8m_0’ (4)
OF OF OF0p OFdq

ar TP T opar T o (5)
of of 9fdp  Ofdq _
oy + 8zq+ 8p8y+ Oq Oy =9 (6)
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N
Charpit’s Method

oF OF OF Op OF 0q
R 7
6y+8ZQ+8p8y+8q8y 0 (7)

Eliminating % from (4) and (5), we get

of Of 0fdq\OF (OF OF  OF dq\ df
(a +8zp+8q8x> op (8x+azp+8q8x)8p 0

or equivalently

of OF OF Of of OF OF 0f of OF OF Of
(55 %)+ ( )r+( Ja=o ®

dq Op  9q Op

0z Op 0z Op
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Charpit’s Method

Similarly, eliminating g—g from (6) and (7), we get

OFOF _OFOF  (0fOF OFO5\ _(010F OFOf\op o
dy g 0y Oq 0z 0¢g 0z Oq op Oqg Op dq) Oy

Since % = 8‘12(;?/ = %’ the last term in (8) is the same as that in (9), except for a

minus sign and hence they cancel on adding (8) and (9).

Therefore, adding (8) and (9) and rearranging the terms, we obtain

<8f8F 8F8f> <8f8F 8F6f> <6f8F 8F8f> <8f6F 8F8f>
|t e | e - e =
Or Op Oz Op

Jdy d0q 0Oy Oq 0z Op 0z Jp 0z 0q 0z Jq

(10)
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Charpit’s Method

This is a linear equation of the first order to obtain the desired function F'. Integral of
(10) is obtained by solving the auxiliary equations

dp dq dz _ dr dy d7F (11)
@@ @D @@ E

Since any of the integrals of (11) will satisfy (10), an integral of (11) which involves
p or g (or both) will serve along with the given equation to find p and ¢. In practice,
however, we shall select the simplest integral.

Note. In what follows we shall use the following standard notations:

Oy O U 00
9y =T =l g =l 3o =t

_fac7
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Charpit’s Method

Therefore, Charpit’s auxiliary equations (11) may be re—written as

dp ~ dg dz _dz _dy _dF (1)
fm"’pfz fy+sz _pfp_qu _fp _fq 0

Working Rule While Using Charpit’s Method J

Step 1. Transfer all terms of the given equation to L.H.S. and denote the entire
expression by f.

Step 2. Write down the Charpit’s auxiliary equations.
dp ~  dq B dz _dr  dy
fotpfe  fyt+af: -pfy—afs - 1

(1)
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Charpit’s Method

Step 3. Using the value of f in step 1 write down the values of df/0x, df/dy, ...,
i.€., fz, fy,... etc. occurring in step 2 and put these in Charpit’s auxiliary equations.
Step 4. After simplifying the step 3, select two proper fractions so that the resulting
integral may come out to be the simplest relation involving at least one of p and gq.
Step 5. The simplest relation of step 4 is solved along with the given equation to
determine p and ¢. Put these values of p and ¢ in

dz =pdzx + qdy

which on integration gives the complete integral of the given equation.

The Singular and General integrals may be obtained in the usual manner.

Remark. Sometimes Charpit’s equations give rise to p = a and ¢ = b, where a and b
are constants. In such cases, putting p = @ and ¢ = b in the given equation will give
the required complete integral.
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N
Charpit’s Method

Ex. 1. Find a complete integral of z = px + qy + p + ¢>.
Sol. Let
f@,y,zp,9)=z2—pr—qy—p* —¢> =0

Charpit’s auxiliary equations are

dp ~  dqg dz _dx  dy
fz+0f- fy+sz _pfp_qu _fp _fq

From (1),

fz:_p> fy:_Qa fzzl, fp:—x—2p, fq:_y_2q
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Charpit’s Method

Using (3), (2) reduces to
dp _dq _ dz dzx dy

0~ 0 pl+2p)+ay+20) =+2% y+2q
Taking the first fraction of (4), dp = 0 so that

p=a. (5)
Taking the second fraction of (4), dg = 0 so that
q=>. (6)

Putting p = a and ¢ = b in (1), the required complete integral is
z = azx + by + a® + b?,

where a, b are arbitrary constants.
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N
Charpit’s Method

Ex. 2. Find a complete integral of px + qy = pq.
Sol. Let,

f(@,y,2,p,9) =pr+qy —pg =0

Charpit’s auxiliary equations are

dp dq dz dx dy

fotpfe  fotale —pfo—afs —f» T

or
de dy dz dp dq

—(@—q -Wy-qa -ple-q-ay-p) ptp0 q¢+q0
Taking the last two fractions of (2),

1 1
—dp = —dg
p q
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Charpit’s Method

Integrating,
logp=1logg+loga or p=aq (3)

Substituting this value of p in (1), we have

agr +qy—ag* =0 = ag=ar+y, (¢#0). (4)

q= , p=azr+y (5)

Putting these values of p and ¢ in dz = pdx + qdy, we get

dz:(ax+y)dx+(wa+y)d

)
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N
Charpit’s Method

or,

adz = (ax + y)(adz + dy)

Let, u = ax + y, then
adz = (ax + y)(adz + dy) = udu

Integrating,
+b

2
az = —
2

Hence,
(ax +y)?

=2 1
z 5 + 0,

which is a complete integral, a and b being arbitrary constants.
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N
Charpit’s Method

Ex. 3. Find a complete, singular and general integrals of (p* + ¢*)y = qz.
Sol. Let,

@y, 2,p.0) = 0 +¢*)y —qz=0

Charpit’s auxiliary equations are

dp ~ dqg dz _dx  dy
fz+pf- f@ +aqf. “pj} _'QJZ "fb "fé'
o dp  d d d d
D q < x Yy

- = ) = 2 2 = = ) by (1)

—-pqg  p°  —2pfy+qz—2q°y  —2py  —2qy+=z
Taking the first two fractions, we get

2pdp + 2qdg =0 = p2—|—q2:a
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Charpit’s Method

Using (3), (1) gives
Putting this value of ¢ in (3), we get
2y
= Va2 —¢* = a SV —ay

Now putting these values of p and ¢ in dz = pdx + qdy, we have

2
/2 2gde+ Y ay,
z z

or

2dz — a’y dy
2 2

=adx
— a2y
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Charpit’s Method

Integrating,

(22— a*y) 2 =az+b or 2%—d%y? = (ax+b)? (4)

which is a required complete integral, a,b being arbitrary constants.
Singular Integral. Differentiating (4) partially w.r.t. a and b, we have

0 = 2ay® + 2(az + b)z (5)

and
0 =2(ax +b). (6)

Eliminating a and b between (4), (5) and (6), we get z = 0 which clearly satisfies (1)
and hence it is the singular integral.
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Charpit’s Method

General Integral. Replacing b by ¢(a) in (4), we get
22 — a*y? = [az + ¢(a)]?. (7)
Differentiating (7) partially w.r.t. a,
—2ay” = 2[az + ¢(a)] - [z + ¢'(a)]. (8)

General integral is obtained by eliminating a from (7) and (8).
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N
Charpit’s Method: Standard Form I

Standard Form I. Only p and ¢ present.
Under this standard form, we consider equations of the form

f(p,q) = 0. (1)
Charpit’s auxiliary equations are
dp dq dz dx dy
fotvle” fy+afs —ph—aly —f —fs
giving
% = %, by (1)
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Charpit’s Method: Standard Form I
Taking the first ratio, dp = 0 so that
p = constant = a, say. (2)
Substituting in (1), we get
f(a,q) =0, = ¢ = constant = b, say, (3)
where b is such that
f(a,b) =0.

Then,

dz = pdr + qdy = adx + bdy, using (2) and (3).
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N
Charpit’s Method: Standard Form I

Integrating,
z=azr+ by +c, (5)

where ¢ is an arbitrary constant. (5) together with (4) give the required solution.
Now solving (4) for b, suppose we obtain

b= F(a), say.
Putting this value of b in (5), the complete integral of (1) is
z=uax +yF(a)+c, (6)

which contains two arbitrary constants a and ¢ which are equal to the number of
independent variables, namely x and y.
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N
Charpit’s Method: Standard Form I

The singular integral of (1) is obtained by eliminating a and ¢ between the complete
integral (6) and the equations obtained by differentiating (6) partially w.r.t. a and ¢;
i.e., between

z=azx+yF(a)+c¢, 0=z+yF'(a), 0=1. (7)

Since the last equation in (7) is meaningless, we conclude that the equations of standard
form I have no singular solution.

In order to find the general integral of (1), we first take ¢ = ¢(a) in (6), ¢ being an
arbitrary function, and obtain

z=ax+yF(a)+ ¢(a). (8)
Now, we differentiate (8) partially with respect to a and get

0=ua+yF'(a)+ ¢ (a). 9)
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N
Charpit’s Method: Standard Form I

Eliminating a between (8) and (9), we get the general solution of (1).
Remark. Sometimes change of variables can be employed to transform a given equa-
tion to standard form I.

Ex. 1. Solve: p?> 4+ ¢*> = m?, where m is a constant.
Sol. Given that

P’ +q* =m”. (1)
Since (1) is of the form f(p,q) = 0, its solution is
z = ax + by + c, (2)

where a?+b>=m? or b= (m?—a?)"? on putting a for p and b for ¢ in (1).

. From (2), the complete integral is 2z = az + y(m? — a®)"/? + ¢, (3)
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N
Charpit’s Method: Standard Form I

which contains two arbitrary constants a and c.
For singular solution, differentiating (3) partially with respect to a and ¢, we get

ay

m, and 0=1.

0=z —
But 0 =1 is absurd. Hence there is no singular solution of (1).
For general solution, let ¢ = ¢(a) in (3). Then, we get
z = azx 4 y(m? — a®)'? + ¢(a). (4)

Differentiating (4) partially with respect to a, we get

Y 4 ¢(a) (5)

O=a- (m? — a2)1/2

Eliminating a from (4) and (5), we get the required general solution.
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N
Equations Reducible to Standard Form I

Ex. 1. Find the complete integral of x*p? + y?q* = 2
Sol. The given equation can be rewritten as

z? 622y2 02\ ? z 8z\° y8z2
@) E @) e (Ba) () o

(1/z)dz = dX, (1/y)dy =dY, (1/vz)dz=dZ,

Let,

so that
logr =X, logy=Y, 2yz=27Z. (2)

Using (2), (1) becomes

AN A%
(M) +(ay,) =1 or P2+Q2=1, (4)
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N
Equations Reducible to Standard Form I

where P = 0Z/0X and Q = 0Z/9Y .
(4) is of the form f(P,Q) = 0.
.. Solution of (4) is
Z =aX +bY +c, (5)

where a®> +b> =1 or b=+/1— a2, on putting a for P and b for Q in (4).
.. From (5), the required complete integral is

Z=aX+Y\V1—a?+c or 2v/z=alogz+logy-vV1—a2+ec. (3)
or
log % + log yV 1-a? _ logd =2v/z, taking c = —logc/,
or

log{a®yY =7/} = 27,
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N
Equations Reducible to Standard Form I

where a and ¢’ are two arbitrary constants.
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e
Standard Form II. Clairaut Equation

A first order partial differential equation is said to be of Clairaut form if it can be
written in the form

z=pr+qy+ f(p.q) (1)
Let
F(z,y,z,p.q) =pr+qy+ f(p,q) — 2 (2)
Charpit’s auxiliary equations are
dp B dq B dz _drdy
or
dp dq dz dx dy

0 0 —px—qy—p<g—£)—q(%§> _:E_(%):_y_(%), by (1)
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N
Standard Form II. Clairaut Equation

Then, first and second fractions = dp=0 and d¢g=0 = p=a, ¢q=0>.
Substituting these values in (1), the complete integral is

z=ax+by+ f(a,b)

Remark 1. Observe that the complete integral of (1) is obtained by merely replacing
p and ¢ by a and b respectively. Singular and general integrals can be obtained by
usual methods.

Remark 2. Sometimes change of variables can be employed to transform a given
equation to standard form II.

Ex. 1. Solve z = px + qy + pq.
Sol. The complete integral is

z=ax +by+ab, a,b being arbitrary constants (1)
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Standard Form II. Clairaut Equation

Singular integral. Differentiating (1) partially w.r.t. a and b, we have
0=y+a, (2)

and
a=x+b.

Eliminating a and b between (1) and (2), we get

z=—ay—zy+xy e, 2=-—xY,

which is the required singular solution, for it satisfies the given equation.
General Integral. Let, b = ¢(a), where ¢ denotes an arbitrary function.
Then (1) becomes

z=ax+ ¢(a)y + a¢(a). (3)
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Standard Form II. Clairaut Equation

Differentiating (3) partially w.r.t. a,

0=2z+¢'(a)y+ d(a) —ad'(a). (4)

The general integral is obtained by eliminating a between (3) and (4).
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Standard Form III. Only p, q and 2z present.

Under this standard form we consider differential equation of the form

f(p.g,2) =0 (1)
Charpit’s auxiliary equations are
dp dq dz dx dy
o dp dq dz _dz _ dy using (1)

ar\  _ (of\ P af\  _9of  _af’
(%) () —»(3)-a(E) F

Taking the first two ratios,

(1/p)dp = (1/q)dq
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Standard Form III. Only p, q and 2z present.
Integrating,
g = ap, a being an arbitrary constant. (2)
Now,

dz =pdz + qdy = pdx + apdy, using (2)

or
dz = p(dx + ady) = pd(z + ay) = pdu, (3)

u=x+ay. (4)

Now, (3) = p=19% andsoby(2) ¢=ap=a(%).
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Standard Form III. Only p, q and 2z present.

Substituting these values of p and ¢ in (1), we get

dz dz
2 a== = 5
(G age) =0 o)
which is an ordinary differential equation of first order. Solving (5), we get z as a
function of u. Complete integral is then obtained by replacing u by (z + ay).

Working rule for solving equations of the form f(p,q,2) =0 J

Step 1. Let,

f(p.q,2) =0 (1)
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Standard Form III. Only p, q and 2z present.

and set
u=1x+ ay, a is an arbitrary constant. (2)

d d
Step II. Replace p and g by & and ad—z respectively in (1) and solve the resulting
U
ordinary differential equation of first order by usual methods.
Step III. Replace u by = 4 ay in the solution obtained in Step II.

Ex. 1. Solve p*> + ¢ = z.
Sol. Given equation is

which is of the form f(p,q,z) = 0.
Let w = z + ay, where a is an arbitrary constant.
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Standard Form III. Only p, q and 2z present.

Now, replacing p and ¢ by g—z and ag—z respectively in (1), we have

N (B L ()
du “\au) ~ du) — (14+a2)

Thus,
Z—i = :I:(ljla/j)l/2 or 4+ 2_1/2(1 + a2)1/2 dz = du.
Integrating,
+2:2(1+a®)2 =u+b or 2121+ a2 =24 ay+0.
Thus,

42(1 4 a®) = (x + ay + b)?, a,b being arbitrary constants. (2)
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Standard Form III. Only p, q and 2z present.

(2) is the complete integral of the given equation (1).
Differentiating (2) partially w.r.t. a and b, we get

8az =2y(x +ay+0b) or 4daz=vy(x+ay+Db),

0=2(zx+ay+0b) or z+ay+b=0.
Substituting the value of (z 4 ay + b) from (4) in (3), we have

4az=0 or z=0,

which is the singular solution.
In order to get the general solution, let us put b = ¢(a) in (2) and get

42(1+ ) — {o + ay +(a)}* = 0.
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Standard Form III. Only p, q and 2z present.

Differentiating (5) partially w.r.t. a,

8az — 2{x + ay + Y(a)Hy + ¢ (a)} = 0. (6)

The required general solution is given by (5) and (6).
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Standard form IV. Equation of the form fi(x,p) = f2(y, q)

In this form z does not appear and the terms containing x and p are on one side and
those containing y and g on the other side.
Let,

F(x7y,27paQ):fl(xap)ffZ(yaQ):O' (1)

Then Charpit’s auxiliary equations are

dp B dq B dz _dx  dy
or
dp dq dz dx dy

e A - = b .
o =~ ok ~ —p(@f/op) + 9@/ ~0h/op  ohfog Y
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Standard form IV. Equation of the form fi(x,p) = f2(y, q)

Taking the first and the fourth ratios, we have

<8fl> dp + <8fl) dr =0 or df =0.

dp ox
Integrating,
fi =a, a being an arbitrary constant.
(1) = f1($,p)=f2(y,q)=a- (2)
Now,
(2) = filz,p) =a and fo(y,q) = a. (3)

From (3), on solving for p and ¢ respectively, we get

p:Fl(.Z',CL), q:FQ(yaa)v (4>
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Standard form IV. Equation of the form fi(x,p) = f2(y, q)

Substituting these values in dz = pdz + q dy, we get
dz = Fi(z,a) dx + F»(y,a) dy.
Integrating,
z= /Fl(a:,a) d:v—i—/Fz(y,a) dy + b,
which is a complete integral containing two arbitrary constants a and b.

Remark 1. Sometimes change of variables can be employed to reduce a given equation
in the standard form IV.
Remark 2. Singular and general integral are obtained by well known methods.

Ex. 1. Find a complete integral of x(1 4 y)p = y(1 + x)q.
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Standard form IV. Equation of the form fi(x,p) = f2(y, q)
Sol. Separating p and x from ¢ and y, the given equation reduces to
o yg
1+ 1+y

Equating each side to an arbitrary constant a, we have

w yq
=a and —
1+=x 1+y

<1+x> <1—|—y)
p=a and ¢g=a| ——=
x Y

=a

so that
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Standard form IV. Equation of the form fi(x,p) = f2(y, q)

Putting these values of p and ¢ in dz = pdx + ¢ dy, we get

1 1 1 1
dz:a(—i_x)d:r%—a(—i—y)dy:a<—|—1>dw—|—a<+1>dy
x Y x Yy

Integrating,

z=a(logz+z)+a(logy +y) +b=a(logzy +x + y) + b,

which is a complete integral containing two arbitrary constants a and b.
Ex. 2. Find a complete integral of p*> + ¢* = 2*(x + ).
Sol. Given

(B + () -0
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Standard form IV. Equation of the form fi(x,p) = f2(y, q)
o 102\ [(182)°
z z
Let
(1/2)dz =dZ so that logz = Z. (2)

Using (2), (1) becomes

A% L (97 2 N
il ) =
Ox oy v
where P = 0Z/0z and Q = 0Z/0y. Separating P and x from @ and y, we get

P2z =y—-Q%
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Standard form IV. Equation of the form fi(x,p) = f2(y, q)

Equating each side to an arbitrary constant a, we have
PP—z=a and y—Q*=a

so that

Putting these values of P and @ in

dZ =Pdx+Qdy, = dZ=+a+xdr++y—ady.

Integrating,
Z=3 [(a+:r)3/2+ (y — a)*/?| + 2b.

clogz=2[(a+z)%% + (y — a)®? +b| is a complete integral, using Z = log z.
3
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JACOBI'S METHOD

JACOBI'S METHOD

This method is used for solving partial differential equations involving three or more
independent variables. The central idea of Jacobi’s method is almost the same as that
of Charpit’s method for two independent variables. We begin with the case of three
independent variables. The results arrived at are, however, general and will be used
with suitable modification for the case of four independent variables and so on.

Let
0z 0z 0z

pl:aixl’ p2:87332’ p3:87333’

Consider a partial differential equation

f(x17x27$37p17p27p3) =0. (1)
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JACOBI'S METHOD

The main idea in Jacobi’s method is to get two additional partial differential equations
of the first order

F1<1'1,1'2,$3,p1,p2,p3) = ar, (2>
Fy(x1, 2,23, p1,p2,p3) = a2, (3)

where a1 and ag are two arbitrary constants such that (1), (2) and (3) can be solved
for p1,p2, p3 in terms of x1, xo, x3 which when substituted in

dz = p1dz1 + padxs + p3dxs, (4)
makes it integrable, for which the conditions are

Op2 _Op1 Ops _ Op2  Op1_ Ops (5)
61‘1 81‘27 81‘2 8133’ 833‘3 8:13‘1 '
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JACOBI'S METHOD

Differentiating (1) and (2) partially w.r.t. 1, we have
0 af o of o af o
Of [ 0f opr  Of Op2  Of Ops

Ox1  Op10x1 Op2Ox1  OpsOx1 =0, (6)
and OF, OF 0p,  OF Opy OF Ops

a0 " opon " o on opson g
Eliminating gii from (6) and (7), we have

Of oFy O Of \ (Of 0Fy OF Of \ Op2 (Of 0Fy OF; Of \ Ops
Ox1 0p1 Ox1 Opr

8.%'1 -
(8)

Op Op1 Op2 Op1) Ox1 \Opz Op1  Ops Op1
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Op2
Similarly, differentiating (1) and (2) partially w.r.t. x2 and then eliminating ai from
T2

the resulting equations, we have

(aff’ﬂ_aﬂaf>+<@ff’ﬂ _ 5‘F13f> 6p1+<6f OF, OF, 8f> Ops

dxy Opy  Oxy Opy Op1 Opy  Op1 Opa ) dxa \Op3 Ops  Op3 Opa ) Oxa

Ops
Again, differentiating (1) and (2) partially w.r.t. x3 and then eliminating 8p from

the resulting equations, we have

(205 OROTY (0108 OROTY (O OFL 0K OF) O _

Ox3 Opz  Ox3 Ops3 dp1 Ops  Op1 Ops3) Oz \Ops Ops  Op2 Op3

6.%'3
(10)
Adding (8), (9) and (10) and using the relations (5), we have
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JACOBI'S METHOD

Of ok Of ORy\ | (Of Ok Of ok  (Of Oy  Of OF\ _ (11)
Ox1 Op1 Op1 Omy Oz Ops  Ops Oz dxs Ops  Ops dxs)

The L.H.S. of (11) is generally denoted by (f, F1). Then, (11) becomes

3
B 0f OF  df OF1\ ,
(f?Fl)_TZ:I<axT 8pr apram’r)_o (11)

Starting with (1) and (3) in place of (1) and (2) and proceeding as above, we have a
similar relation

5./ 0f OF, Of OF,
=3 (325~ o) =© (12)
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JACOBI'S METHOD

Again, starting with (2) and (3) in place of (1) and (2) and proceeding as above, we
again have a similar relation

3
. 8F1 8F2 8F1 8F2 N
(F1, Fy) = Zl (axr . I 51’7») = 0. (13)

(11) Jor (11")] and (12) are linear equations of first order with z1,x9,x3, p1,p2, ps as
independent variables and Fp, F> as dependent variables respectively. For both of these
equations, Lagrange’s auxiliary equations are

dpir _ dm dpp _ dxz dps _  dxg (14)
of 0z Of/Oop1”  Of/0my  Of/Opy Of/0xs  Of/Ops’

which are known as Jacobi’s auxiliary equations.
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We try to find two independent integrals
Fy(x1, 2, 73, p1,p2, P3) = a1

Fy(21, 22, x3,p1, P2, P3) = a2
with help of (14). If these relations satisfy (13), these are the required two additional
relations (2) and (3).

We now solve (1), (2) and (3) for p1,pe,ps in terms of x1,z9,z3. Substituting these
values in (4) and then integrating the resulting equation, we shall obtain a complete
integral of the given equation containing three arbitrary constants of integration.
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Working rules for solving partial differential equations with three or more
independent variables. Jacobi’s method

Step I: Suppose the given equation with three independent variables is

f(x17$27$37p17p27p3) =0 (1)
Step II. We write Jacobi’s auxiliary equations

dp1 —dzy dp2 —dzx2 dps —dzx3

of /0x1  Of/0pr  Of/0xs  Of/Opy  Of/Oxs  Of/Op3

Solving these equations we obtain two additional equations

Fi(x1, 22,23, p1,p2,03) = a1 (2)
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Fy(x1, 22, 23, p1, 2, p3) = a2, (3)

where a1 and ao are arbitrary constants.

While obtaining (2) and (3), try to select simple equations so that later on solutions
of (1), (2) and (3) may be as easy as possible.

Step III. Verify that relations (2) and (3) satisfy the condition

3
OF, 0F, OF) 0F,
(Fi, Fo) =) (axr dp,  Opr 8%) " Y

r=1

If (4) is satisfied then solve (1), (2) and (3) for pi,p2,p3 in terms of z1,x2, x3. Their
substitution in

dz = p1dxy + padxo + psdxs
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and subsequent integration leads to a complete integral of the given equation.
Remark 1. Sometime, change of variables can be employed to reduce the given
equation in a form solvable by Jacobian method.

Remark 2. While solving a partial differential equation with four independent vari-
ables, we modify the above working rule as follows:

Step I. Suppose the given equation with four independent variables is

f(z1, 22,73, 24, p1,P2,p3,P4) = 0. (1)
Step II. We write Jacobi’s auxiliary equations

dpy —dxq dp2 —dxo dps —dx3 dpy —dxy

0fj0x1 — OfjOpy  Of /0wy Of[Opa  Of/Oxs  Of[0ps  Of[dxs  Of]Ops
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JACOBI'S METHOD
Solving these equations we obtain three additional equations
Fi(x1, 22,73, 24,1, P2, 3, P4) = a1 (2)
Fy(x1, 72,3, T4, p1, D2, P3, P4) = a2 (3)
and
F3(x1, 22,73, 24,1, P2, P3, P4) = a3, (4)

where a1, as and ag are arbitrary constants.
Step III. Verify that relations (2), (3) and (4) satisfy following three conditions:

4
oF 0Fy, OF, 0y
(F\, F) _ -

1 F2) Zl<ax o Ops am») 0 )
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L (0F,0F; OF,0F
(B ) =2 (a; 50 o af) -0 ©)
r—1 r T T r
L (OF;0F, OF;0F
(Fs, Fy) =" ( 5. 3o~ B 8;) = 0. (7)
r—1 T T T T

If (5), (6) and (7) are satisfied, then solve (1), (2), (3) and (4) for p1,p2,ps and p4 in
terms of x1, x9, r3 and x4. Their substitution in

dz = prdxy + padxs + p3dxs + padxy

and subsequent integration leads to a complete integral of the given equation.
Ex. 1. Find a complete integral Ofpzf +p% +p3 = 1.
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Sol. Let the given equation be rewritten as

fz1, 29,23, p1,p2,p3) = P} +p5+p3s —1=0. (1)

.. Jacobi’s auxiliary equations are

dpp  dry  dps  dry  dps  dws
of/0xy  —0f/Opr  Of/0x2  —0f/Op2 Of/Ox3s  —0f/0ps3

or

dpr  dxy dpo  dxs  dpz dx3 .

= = 5= —— = =—=—, using (1).

0 —3p7 0 —2p9 0 —1
From first and third fractions, dp; = 0 and dps = 0 so that p; = a1 and ps = ao.
Here
Fl(x1)x27$3aplap27p3):pl =al (2)
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JACOBI'S METHOD
and
Fy(z1, 22, 3, p1, 2, p3) = P2 = az. (3)
Now,

3
OF, OF, OF, OF,
F ) = N
( 1, 2) ; <6.Tr 8pr 8]77« 8x7‘>

or

by gy _ PPLOFs OF\OF, OF0F, OF0F, | OF OF, _OF 0F,
VT 9y Opy Opy 01y Oxy Opy Opa Owa | Oxz Ops  Ops Oxz

(F1, F2) = (0)(0) — (1)(0) + (0)(1) = (0)(0) + (0)(0) — (0)(0) = 0, by (3) and (4).
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JACOBI'S METHOD

Thus, we have verified that for relations (2) and (3), (F1, F2) = 0. Hence (2) and (3)
may be taken as additional equations.

Solving (1), (2) and (3) for p1,p2,p3, p1=a1, p2=az, p3=1—ai—aj3.
Putting these values in  dz = p1dz1 + padzrs + p3dxrs, we have

dz = a1dzy + agdzy + (1 — @ — a2)dxs.
Integrating,
z=a1x1 + agwe + (1 — a:f’ — a%)xg + asz,

which is a complete integral of the given equation containing three arbitrary constants
ai,as, and as.
Ex. 2. Find a complete integral of psxs3(p1 + p2) + x1 + x2 = 0.
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Sol. Given
f(x1, 22, 23,p1,p2,p3) = p3x3(p1 +p2) + 21 + 22 =0 (1)

.. Jacobi’s auxiliary equations are

dp dzq dp2 dxa dps dx3

Of/0x,  —0f/Op1  Of/0za —0f/0ps  Of/0xs  —0f Ops

dpy  dxy  dps  dra dps B dxs b
¢h _ 44 _ 2 = = , by (1) (2
I psws 1 —p3x3  p3(p2+p3) —x3(p1+p2)
Taking the two fractions of (2),
dpr —dp2 =0 = pi—p2=a (3)
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JACOBI'S METHOD

Let
Fi(x1,22,23,p1,02,p3) =Pp1 — P2 = a1

Taking the fifth and sixth fractions of (2),

1 1
—dps+ —dr3=0 = p3r3=as (4)
D3 x3
Let
Fy(xy, 22,23, p1,p2,P3) = p323 = a2
Now,

3
OF, OF, OF, OF,
i, F) = N
( 1, 2) ; <6.Tr 8pT 8]77« 8xT>
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JACOBI'S METHOD

_ (OF1 0F, B OF] 0F, n OF 0F5 B OF, OF» n OF, 0F, B OF 0F5
-\ 021 9p1 Op1 O Oxy Opa  Opa Oz Ox3 Op3  Ops Ox3

= (0)(0) = (1)(0) + (0)(0) = (=1)(0) + (0)(x3) — (0)(p3) = 0 Dy (3) and (4)

Thus, we have verified that for the relations (3) and (4), (F1, F2) = 0.
From (1) and (4),

T+ 22

as(pr +p2) +x1+22=0 = p1+pr=-— s
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JACOBI'S METHOD
Solving (3) and (5),
a1 T+ X2 ap T+ 22
pefontn o, g _nt )
Again, from (4),
=" (7)

Putting the values of p1, p2, p3 given by (6) and (7) in

dz = prdxzy + padxs + p3drs,

we have
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JACOBI'S METHOD

m(dl’l + d:BQ) + %dl‘g

ai
dz = —(dxy — dxg) —
& 2( 1 l’g) as T3

Integrating,

a 1
z = —l(xl —x9) — — (21 —|—l‘2)2 + as log x3 + as
2 4a2

Mathematical Explorations Non-Linear Partial Differential Equation September 1, 2025 85 /86



Mathematical Explo:

tions

THANK YOU

Vist the website for notes
https://mathematicalexplorations.co.in
Subscribe to my YouTube Channel
Mathematical Explorations

Non-Linear Partial Differential Equation September 1, 2025

86/ 86


https://mathematicalexplorations.co.in/

	1. Complete Integral

