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Pathline

The curve described in space by 

moving fluid element is known as 

pathline i.e. a pathline is a line traced 

by a particle in the fluid.

The pathline shows the direction of 

the velocity of the fluid particle at 

any instant of time. Such a line is 

obtained by giving the position of an 

element as a function of time.
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The pathlines vary with each fluid particle. It represents the 

direction of velocity of a single particle of fluid at various time. 

The differential equation of pathlines are
𝑑 Ԧ𝑟

𝑑𝑡
= Ԧ𝑞

𝑑𝑥

𝑑𝑡
= 𝑢,

𝑑𝑦

𝑑𝑡
= 𝑣,

𝑑𝑧

𝑑𝑡
= 𝑤



Streamline



Streamline

A streamline is a continuous line of flow drawn in the fluid so 

that the tangent at every point of it at any instant of time 

coincides with the direction of motion of the fluid at that point.

Or,

It is an imaginary line in the fluid flow, tangent to which at 

any point represents the direction of velocity of fluid particle 

at that point.



Let us consider  𝑑 Ԧ𝑟 be an element of 

the streamline passing through any 

point P(r) at an instant of time. Let 

Ԧ𝑞 be the velocity at that point at the 

same instant. The direction of the 

tangent and direction of velocity are 

parallel, i.e.
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𝑑 Ԧ𝑟 × Ԧ𝑞 = 0 

=> 𝑑𝑥 Ƹ𝑖 + 𝑑𝑦 Ƹ𝑗 + 𝑑𝑧 ෠𝑘 × 𝑢 Ƹ𝑖 + 𝑣 Ƹ𝑗 + 𝑤 ෠𝑘 = 0 



which is known as the differential equation for a streamline 

where the velocity components u, v, w are the functions of x, 

y, z and t. When the flow is steady, the streamlines have the 

same form at all times. When the flow is unsteady the 

streamline change from instant to instant.

=> 𝑣𝑑𝑧 − 𝑤𝑑𝑦 Ƹ𝑖 + 𝑤𝑑𝑥 − 𝑢𝑑𝑧 Ƹ𝑗 + 𝑢𝑑𝑦 − 𝑣𝑑𝑥 ෠𝑘 = 0 

=>  𝑣𝑑𝑧 − 𝑤𝑑𝑦 = 0, 𝑤𝑑𝑥 − 𝑢𝑑𝑧 = 0, 𝑤𝑑𝑥 − 𝑢𝑑𝑧 = 0

=>
𝑑𝑥

𝑢
=

𝑑𝑦

𝑣
=

𝑑𝑧

𝑤
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Streakline

A streakline is a line on which lie all 

those fluid elements that at some 

earlier instant passed through a 

particular point in space. It is a line 

making the position of a set of fluid 

particles that had passed through a 

fixed point in the flow field. A 

streakline is defined as the locus of 

different particles passing through 

fixed point. A streakline connects the  
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locations of the particles at one instant moving with the fluid 

which passed through a particular point. 

Let us consider a fluid particle 𝑥0, 𝑦0, 𝑧0  passes a fixed point

𝑟1 𝑥1, 𝑦1, 𝑧1  in the course of time. By Lagrangian description 

of fluid flow, we have 

𝑥1 = 𝑓1 𝑥0, 𝑦0, 𝑧0, 𝑡
𝑦1 = 𝑓2 𝑥0, 𝑦0, 𝑧0, 𝑡
𝑧1 = 𝑓3 𝑥0, 𝑦0, 𝑧0, 𝑡

Solving the equations for 𝑥0, 𝑦0, 𝑧0 we have



𝑥0 = 𝑔1 𝑥1, 𝑦1, 𝑧1, 𝑡
𝑦0 = 𝑔2 𝑥1, 𝑦1, 𝑧1, 𝑡
𝑧0 = 𝑔3 𝑥1, 𝑦1, 𝑧1, 𝑡

Since a streakline is the locus of the positions (𝑥, 𝑦, 𝑧) of the 

particles which have passed through the fixed point 𝑥1, 𝑦1, 𝑧1  

therefore the equation of the streakline at an instant of time t is 

given by

𝑥 = ℎ1 𝑥0, 𝑦0, 𝑧0, 𝑡
𝑦 = ℎ2 𝑥0, 𝑦0, 𝑧0, 𝑡
𝑧 = ℎ3 𝑥0, 𝑦0, 𝑧0, 𝑡



Hence the streakline passing through the fixed point is

𝑥 = ℎ1 𝑔1, 𝑔2, 𝑔3, 𝑡
𝑦 = ℎ2 𝑔1, 𝑔2, 𝑔3, 𝑡
𝑧 = ℎ3 𝑔1, 𝑔2, 𝑔3, 𝑡

NOTE: When the flow is steady the streaklines, streamlines and 

pathlines coincide.



Q: The velocity vector Ԧ𝑞 is given by Ԧ𝑞 = 𝑥 Ƹ𝑖 − 𝑦 Ƹ𝑗. Determine the 

equation of streamline.

Sol: From the definition of a streamline,

Ԧ𝑞 × 𝑑 Ԧ𝑟 = 0

=> 𝑥 Ƹ𝑖 − 𝑦 Ƹ𝑗 × Ƹ𝑖𝑑𝑥 + Ƹ𝑗𝑑𝑦 = 0

=> 𝑥𝑑𝑦 + 𝑦𝑑𝑥 ෠𝑘 = 0

=>
𝑑𝑥

𝑥
= −

𝑑𝑦

𝑦



Integrating,

=> 𝑙𝑜𝑔𝑥 + 𝑙𝑜𝑔𝑦 = 𝑙𝑜𝑔𝑐

=> 𝑥𝑦 = 𝑐

which represents the rectangular hyperbolas where c is an arbitrary 

constant.



Q: The velocity Ԧ𝑞 in a three dimensional flow field for an 

incompressible fluid is given by Ԧ𝑞 = 2𝑥 Ƹ𝑖 − 𝑦 Ƹ𝑗 − 𝑧 ෠𝑘. Determine 

the equations of the streamlines passing through the point (1, 1, 

1).

Sol: The velocity Ԧ𝑞 in a three dimensional flow field for an 

incompressible fluid is given by Ԧ𝑞 = 2𝑥 Ƹ𝑖 − 𝑦 Ƹ𝑗 − 𝑧 ෠𝑘.



The equations of streamlines are given by

𝑑𝑥

𝑢
=

𝑑𝑦

𝑢
=

𝑑𝑧

𝑤

=>
𝑑𝑥

2𝑥
=

𝑑𝑦

−𝑦
=

𝑑𝑧

−𝑧

From the first two ratios

𝑑𝑥

2𝑥
=

𝑑𝑦

−𝑦



=>
𝑑𝑥

𝑥
+

2𝑑𝑦

−𝑦
= 0

Integrating,                                           

 log 𝑥 + 2 log 𝑦 = log 𝐴

=> 𝑥𝑦2 = 𝐴

From the first and third ratios

𝑑𝑥

2𝑥
=

𝑑𝑧

−𝑧

=>
𝑑𝑥

𝑥
+

2𝑑𝑧

𝑧
= 0



Integrating,                    log 𝑥 + 2 log 𝑧 = log 𝐵

=> 𝑥𝑦2 = 𝐵

At the point (1,1,1), 𝐴 = 𝐵 = 1

Hence the required streamlines are 𝑥𝑦2 = 𝐴, 𝑥𝑦2 = 𝐵.



Q: Determine the streamlines and pathlines of the particles

𝑢 =
𝑥

1+𝑡
, 𝑣 =

𝑦

1+𝑡
, 𝑤 =

𝑧

1+𝑡

Sol: Given

𝑢 =
𝑥

1+𝑡
, 𝑣 =

𝑦

1+𝑡
, 𝑤 =

𝑧

1+𝑡
 

The equations of streamlines are given by

𝑑𝑥

𝑢
=

𝑑𝑦

𝑢
=

𝑑𝑧

𝑤



=>
𝑑𝑥
𝑥

1 + 𝑡

=
𝑑𝑦
𝑦

1 + 𝑡

=
𝑑𝑧
𝑧

1 + 𝑡

=>
𝑑𝑥

𝑥
=

𝑑𝑦

𝑦
=

𝑑𝑧

𝑧

From 1st and 2nd ratio,

𝑑𝑥

𝑥
=

𝑑𝑦

𝑦

=> log 𝑥 = log 𝑦 + log 𝐴

=> 𝑥 = 𝐴𝑦



From 1st and 3rd ratio,

𝑑𝑦

𝑦
=

𝑑𝑧

𝑧

=> log 𝑥 = log 𝑧 + log 𝐵

=> 𝑥 = 𝐵𝑧

Hence the streamlines are given by the intersection of 𝑥 = 𝐴𝑦 

and 𝑥 = 𝐵𝑧



The differential equation of pathlines is given by

Ԧ𝑞 =
𝑑 Ԧ𝑟

𝑑𝑡
=

𝑑𝑥

𝑑𝑡
Ƹ𝑖 +

𝑑𝑦

𝑑𝑡
Ƹ𝑗 +

𝑑𝑧

𝑑𝑡
෠𝑘

=>
𝑥

1 + 𝑡
Ƹ𝑖 +

𝑦

1 + 𝑡
Ƹ𝑗 +

𝑧

1 + 𝑡
෠𝑘 =

𝑑𝑥

𝑑𝑡
Ƹ𝑖 +

𝑑𝑦

𝑑𝑡
Ƹ𝑗 +

𝑑𝑧

𝑑𝑡
෠𝑘

𝑑𝑥

𝑑𝑡
=

𝑥

1 + 𝑡

𝑑𝑦

𝑑𝑡
=

𝑦

1 + 𝑡

𝑑𝑧

𝑑𝑡
=

𝑧

1 + 𝑡



Now,

𝑑𝑥

𝑑𝑡
=

𝑥

1 + 𝑡

=>
𝑑𝑥

𝑥
=

𝑑𝑡

1 + 𝑡

Integrating, 

𝑥 = 𝐴(1 + 𝑡)

Similarly,                            𝑦 = 𝐵(1 + 𝑡)

𝑧 = 𝐶(1 + 𝑡)

which gives the required path of the particles.
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