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CONSEQUENCES OF LORENTZ TRANSFORMATION

Length Contraction (Lorentz-FitzGerald Contraction):

Let us consider two inertial 

frame of references S and 𝑆′ 
having cartesian coordinate 

axes as XYZ and 𝑋′𝑌′𝑍′ and 

origins 𝑂 and 𝑂′ respectively. 

𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

At time 𝑡 = 0 = 𝑡′ , both the 

frames are at rest so that their 

origin 𝑂 and 𝑂′ coincide with 

each other. 

A B



Let a rod AB of length l be 

placed in S frame parallel to x-

axis.

𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

The coordinates of A and B be 

𝑥1 and 𝑥2 respectively.
A B

𝑙 = 𝑥2 − 𝑥1∴

Let 𝑥′1  and 𝑥′2  be the 

corresponding coordinate of the 

rod w.r.t. 𝑆′ frame . If 𝑙′ be the 

length of the rod in 𝑆′ frame 

then 

(1)

𝑙′ = 𝑥′2 − 𝑥′1 (2)



Now,

𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

A B

𝑙 = 𝑥2 − 𝑥1

γ =
1

1 −
𝑣2

𝑐2

where

=
𝑥2
′ + 𝑣𝑡2

′

1 −
𝑣2

𝑐2

−
𝑥1
′ + 𝑣𝑡1

′

1 −
𝑣2

𝑐2

= 𝛾 𝑥2
′ + 𝑣𝑡2

′ − 𝑥1
′ − 𝑣𝑡1

′

= 𝛾 𝑥2
′ − 𝑥1

′ + 𝑣𝛾 𝑡2
′ − 𝑡1

′ (3)



𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

A B

Let us assume that both the 

ends of the rod have been 

measured simultaneously by an 

observer in S′ frame (i.e. 𝑡1
′ =

𝑡2
′ ).

Then from equation (3) we get,

𝑙 = 𝛾 𝑥2
′ − 𝑥1

′

=> 𝑙 = 𝛾𝑙′ (4)

Now,
γ =

1

1 −
𝑣2

𝑐2

= 1 −
𝑣2

𝑐2

−1/2

= 1 +
𝑣2

2𝑐2
+⋯



𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

A B

Then from equation (4) we get,

𝑙 > 𝑙′
This shows that the apparent 

(observed) length of the rod is 

found to be contracted than its 

actual length when it is placed 

in the direction of motion.

γ > 1∴

Every rigid body appears to be longest when at rest relative to the 

observer. If the body moves with uniform velocity v relative to the 

observer then its apparent length is contracted by
1

1−
𝑣2

𝑐2

 in the

direction of relative motion. 



Time Dilation:

Let us consider two inertial 

frame of references S and 𝑆′ 
having cartesian coordinate 

axes as XYZ and 𝑋′𝑌′𝑍′ and 

origins 𝑂 and 𝑂′ respectively. 

𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

At time 𝑡 = 0 = 𝑡′ , both the 

frames are at rest so that their 

origin 𝑂 and 𝑂′ coincide with 

each other. 

Let 𝑡1 and 𝑡2 be the time recorded by a clock for two events in S 

frame.

𝑡1 𝑡2 𝑡′1 𝑡′2 



Let 𝑡′1  and 𝑡′2  be the 

corresponding two  times w.r.t. 

the observer in 𝑆′ frame.

𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

The time interval for 𝑆 and 𝑆′ 
are ∆𝑡 = 𝑡2 − 𝑡1, ∆𝑡′ = 𝑡′2 − 𝑡′1

𝑡1 𝑡2 𝑡′1 𝑡′2 

But, ∆𝑡′ = 𝑡′2 − 𝑡′1

=
𝑡2 −

𝑥2𝑣
𝑐2

1 −
𝑣2

𝑐2

−
𝑡1 −

𝑥1𝑣
𝑐2

1 −
𝑣2

𝑐2

= 𝛾 𝑡2 −
𝑥2𝑣

𝑐2
− 𝛾 𝑡1 −

𝑥1𝑣

𝑐2



𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

𝑡1 𝑡2 𝑡′1 𝑡′2 

= 𝛾 𝑡2 − 𝑡1 − 𝛾
𝑣

𝑐2
𝑥2 − 𝑥1

Since time is recorded from the 

same position, so 𝑥1 = 𝑥2

∆𝑡′ = 𝛾 𝑡2 − 𝑡1

∆𝑡′ = 𝛾∆𝑡

∆𝑡′ > ∆𝑡

∵ γ =
1

1 −
𝑣2

𝑐2

= 1 −
𝑣2

𝑐2

−1/2

= 1 +
𝑣2

2𝑐2
+⋯



𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

𝑡1 𝑡2 𝑡′1 𝑡′2 

This shows that the time 

interval of two events is found 

to be longer w.r.t. the observer 

in motion.

Thus every clock goes slow 

when it is in motion relative to 

the observer.



Simultaneity of Two Events:

Let us consider two inertial 

frame of references S and 𝑆′ 
having cartesian coordinate 

axes as XYZ and 𝑋′𝑌′𝑍′ and 

origins 𝑂 and 𝑂′ respectively. 

𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

At time 𝑡 = 0 = 𝑡′ , both the 

frames are at rest so that their 

origin 𝑂 and 𝑂′ coincide with 

each other. 

Let two events occur simultaneously i.e. 𝑡1 = 𝑡2  but at two 

different positions 𝑥1 and 𝑥2.

𝑡1 𝑡2 𝑡′1 𝑡′2 



𝑂 𝑂′ 𝑋

𝑋′

𝑌′

𝑍 𝑍′

S S′

𝑌

𝑡1 𝑡2 𝑡′1 𝑡′2 

𝑡2 −
𝑥2𝑣
𝑐2

1 −
𝑣2

𝑐2

−
𝑡1 −

𝑥1𝑣
𝑐2

1 −
𝑣2

𝑐2

= 𝛾 𝑡2 −
𝑥2𝑣

𝑐2
− 𝛾 𝑡1 −

𝑥1𝑣

𝑐2

𝑡′2 − 𝑡′1 =

= 𝛾 𝑡2 − 𝑡1 − 𝛾
𝑣

𝑐2
𝑥2 − 𝑥1

= −𝛾
𝑣

𝑐2
𝑥2 − 𝑥1

≠ 0 ∵ 𝑥1 ≠ 𝑥2

∴ 𝑡′1 ≠ 𝑡′2

Hence simultaneity of events in one frame of reference doesnot 

imply simultaneity in other frame of reference.
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