CALCULUS OF VARIATIONS

Calculus of variations, a branch of mathematics concerned with the
problem of finding a function for which the value of a certain
Integral is either the largest or the smallest possible.

The problem of Calculus of variations was first solved by
In 1696 but a general method of solving such problem

was given by



CALCULUS OF VARIATIONS

If y = f(x) Is a function, then necessary condition for y to be
maximum or minimum IS
dy

=0
dx

2
= |f % > () then that point Is minimum point.

2
= |f % < 0 then that point IS maximum point.



If z = f(x,y) Is a function, then necessary condition for z to be
maximum or minimum IS

0z > 0z

— = — =
d0x 4%

0%z 0%z 92z )2
If ﬁa_yz_(axay) > (0 and ﬁ> 0 then that point iIs

minimum point.

0%z 0%z Py \
If ﬁa_yz_(axay) > (0 and —< 0 then that point Is

minimum point.



FUNCTIONS

fiX>Y  y=f(0)

FUNCTIONALS

f:S—>R

N

S — Set of functions R — Real Numbers

S={fCyy)y=yx),y =y ()}



The calculus of variations Is concerned with maximum or minimum
of certain types of functions given in the form of integrals which

are called I.e. calculus of variation deals with the
problem of finding a function y(x) such that

will be a maximum or minimum, also called an



VARIATION OF A FUNCTION

Consider a function f(x,y,y") where x is independent variable,
y = y(x) a dependent variable and y" = y'(x) = %.
Let y be changed from y to y + ha(x)

and y’ be changed from y’ to y’ + ha'(x)

where h Is a small parameter independent of x.

By Taylor s expansion theorem for two variables function we have



h '+ ha'(x)) = ’ 0 ;
f(x,y + ha(x),y + a(x))_f(x,y,y)Jr( iy 0y'>f+

+ - (ha—+ha ) I e

oy’
, 0f
« f(x,y + ha(x),y + ha'(x)) — f(r,,") = 5 5
] 9f [Neglecting higher order terms]
oy ay'

Here, 61 1s called the variation of f.



Applying f = y, we get,

oy = haa—y+ha' 9 = ha.1+ ha'.0 => 6y = ha
0y 0y’

Applying f = y', we get,

0y’ = ha 24 + ha' 24 = ha.0+ ha'.1 => 6y = ha'
dy ay'

~ For f(x,y,y")
of of

Of = 8y 5.+



Thus geometrically, the variation 6f represents the change in the
value of f w. r. t. neighbouring curve considered.

Properties related to §:
d e dy\ _ d
(1) 6 and ——are commutative I.e. 6 (E) = (6y)

(2) 6and [ are commutative Sf;:f(x, y,y') = f;z SF0y,y")
(3) If f(x,y,y" ) and g(x,y,y") are functions then
()6(c) =0 (ii)d(c.f)=c.6f (iii)6(f £g)=06(f)*(g)

(iv) 6(f.9) = f6(9) + 96(f)  (v) 6(f/g) = g5(f;;f5<g>




FUNCTIONAL

Let S be a set of functions of a single variable x defined over an
Interval (x{, x,). Then any function which assigns to each function
In S a unigue real number Is called a functional 1.e. functional Is a
mapping from functions to real numbers.

Now consider a function f(x,y,y") and x € (xq,x,) then the
Integral

1) = f F(y,y)dx

IS a functional.



For every y(x), I1(y) gives a real number.

In calculus of variation, we determine the function y = y(x),

satisfying y(x;) =y; and y(x,) =y, such that for a given
function f(x,y,y"), I(y) Is an . A curve which satisfies

this property Is said to be an
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